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Chapter 3: Diagnostics and Remedial Measures
3.1 Diagnostics for predictor variable

For the predictor variable, examine summary statistics, box plots, dot plots, or histograms to determine:

1) Range of X values (don’t want to predict Y for an X value outside of the values in the data set).

2) Look for outlying values which may have a strong influence on the sample regression model (see Chapter 10) or are data entry errors. 

3) While KNN focus on the predictor variable here, it may be good to also do this for the response variable as well to make sure there are no data entry errors.  

Example: HS and College GPA (HS_college_GPA_ch3.R)

> #Read in the data

> gpa<-read.table(file = 
       "C:\\chris\\UNL\\STAT870\\Chapter1\\gpa.txt", 
            header=TRUE, sep = "")

> head(gpa)

  HS.GPA College.GPA

1   3.04         3.1

2   2.35         2.3

3   2.70         3.0

4   2.05         1.9

5   2.83         2.5

6   4.32         3.7

>###################################################

> # Section 3.1 - Diagnostics for predictor variable

> 

>   #Examine range, mean, ...

>   summary(gpa)

     HS.GPA       College.GPA   

 Min.   :0.830   Min.   :1.400  

 1st Qu.:2.007   1st Qu.:1.975  

 Median :2.370   Median :2.400  

 Mean   :2.569   Mean   :2.505  

 3rd Qu.:3.127   3rd Qu.:3.025  

 Max.   :4.320   Max.   :3.800  

>   #Box and dot plot for X
>   par(mfrow = c(1,2)) #1 row and 2 columns of plots for a 
                         graphics window

>   boxplot(x = gpa$HS.GPA, col = "lightblue", main = "Box 
            plot", ylab = "HS GPA", xlab = " ")

>   set.seed(1280) 
>   #Jitter option will randomly move in the x-axis 
      direction the points to try to avoid overlaying – 
      setting a seed here forces the exact same jittering 
      every time the code is run

>   stripchart(x = gpa$HS.GPA, method = "jitter", vertical 
               = TRUE, pch = 1, main = "Dot plot", 

               ylab = "HS GPA")
>   #Box and dot plot for Y
>   boxplot(x = gpa$College.GPA, col = "lightblue", main = "Box 
            plot", ylab = "College GPA", xlab = " ")
>    set.seed(1280) 
>    stripchart(x = gpa$College.GPA, method = "jitter", vertical = 
      TRUE, pch = 1, main = "Dot plot", ylab = "College GPA")
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Summary
:

1) Range of X values: X=0.83 to 4.32 

2) Look for outlying values: None

3) Data entry errors?  None

4) What would the plots look like if there was reason to be concerned about the data?  

5) Note that KNN use a different definition of what a “dot plot” is – see plot a. on p. 101 

3.2 Residuals

Population model:

Yi=(0+(1Xi+(i 

where 

(0 and (1 are parameters

Xi are known constants

(i ~ independent N(0,(2) 

Note that the above equation can be rewritten as 

(i=Yi-(0-(1Xi
To examine the assumption about the (i’s, use their estimated quantities: 
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.  If the assumption about the (i is approximately true, then the ei should have similar properties as the (i.  Thus, we will be performing a “residual analysis”.  
Properties of ei
1) 
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2) The variance of the ei can be approximated by 
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3) ei are not independent random variables – involve 
[image: image6.wmf]i01i

ˆ

YbbX

=+

.  If sample size is large enough with respect to the number of parameters in the model, the dependency is “relatively unimportant and can be ignored for most purposes.”  

Semistudentized residuals

Remember from Chapter 2 that a “standardized quantity is: 
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 which can often be treated as a N(0,1).  

A studentized quantity replaces the unknown quantities with estimates.  

The semistudentized residuals are
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The reason for the “semi” is the estimate of the variance of ei is not quite MSE.  See p. 394 of KNN for “studentized” residuals.  

Departures from the model assumptions to be investigated using residuals are: 

1) The regression model is not linear
2) The error variance is not constant

3) (i are not independent

4) The model fits all but one or a few outlier observations

5) (i are not distributed normally 

6) Additional important predictor variables have been excluded from the model

Why are we interested in detecting these departures from the model’s assumption?  

Inferences from the sample to the population (like hypothesis testing) may be incorrect if the model’s assumptions are not satisfied.  
3.3 Diagnostics for residuals and 3.9 Transformations 

1) The regression model is not linear: 

Assume this relationship: E(Yi)=(0+(1Xi 

What if we do not have a linear relationship?  How can we detect this?  

Plot ei vs. Xi 

· If the points on a plot are randomly scattered about in no particular pattern, the variable probably is specified correctly in the model

· If the points on a plot exhibit a pattern, the variable is misspecified in the model.  The pattern usually will suggest the correct specification of the variable.  

· Note that in simple linear regression, a plot of ei vs. 
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 will give the same information.  This will no longer be true in multiple linear regression.  

Example: Predicting peak power load 
(power_load.R)

Power companies have to able to predict the peak power load at their various stations to operate efficiently.  The peak power load is the maximum amount of power that must be generated each day to meet demand.  Suppose a power company located in the southern part of the United States decides to model daily peak power load, Y, as a function of the daily temperature, X, and the model is to be constructed for the summer months when demand is the greatest.  A random sample of 25 summer days is selected  

Part of the R code and output

> #Read in the data

> power.load<-read.table(file = 

   "C:\\chris\\UNL\\STAT870\\Chapter3\\power.txt", 
   header=TRUE, sep = "")

> head(power.load)

   load temp

1  96.5   67

2 101.6   67

3  96.3   68

4  92.5   71

5 103.9   74

6 100.9   76
> tail(power.load)

    load temp

20 153.2   97

21 150.1   98

22 151.9  100

23 143.6  100

24 178.2  106

25 189.3  108
> plot(x = power.load$temp, y = power.load$load, xlab = 
       "Temperature", ylab = "Power load", main = "Power 
       load vs. Temperature", col = "black", pch = 1, 
       panel.first = grid(col = "gray", lty = "dotted"))
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Notice the non-linear trend above.  

>   mod.fit<-lm(formula = load ~ temp, data = power.load)

>   sum.fit<-summary(mod.fit)

>   sum.fit

Call:

lm(formula = load ~ temp, data = power.load)

Residuals:

    Min      1Q  Median      3Q     Max 

-17.482  -9.205  -0.435   5.036  23.236 

Coefficients:

            Estimate Std. Error t value Pr(>|t|)    

(Intercept) -47.3935    15.6677  -3.025  0.00603 ** 

temp          1.9765     0.1776  11.128 9.82e-11 ***

---

Signif. codes:  0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1 

Residual standard error: 10.32 on 23 degrees of freedom

Multiple R-Squared: 0.8433,     Adjusted R-squared: 0.8365 

F-statistic: 123.8 on 1 and 23 DF,  p-value: 9.817e-11 

>   #e.i vs. X.i

>   plot(x = power.load$temp, y = mod.fit$residuals, xlab = 
         "Temperature", ylab = "Residuals", main = 
         "Residuals vs. Temperature", col = "black", pch = 
          1, panel.first = grid(col = "gray", lty = 
         "dotted"))

>   abline(h = 0, col = "red")
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Notice the pattern in the residuals.  This suggests a transformation of temperature should be done.  In particular, a X2 transformation.  Below is the same scatter plot with the estimated regression line on it.  

>  #Scatter plot with sample model

>   plot(x = power.load$temp, y = power.load$load, xlab = 
         "Temperature", ylab = "Power load", main = "Power 
          load vs. Temperature", col = "black", pch = 1, 
          panel.first = grid(col = "gray", lty = "dotted"))

>   curve(expr = mod.fit$coefficients[1] + 
          mod.fit$coefficients[2]*x, col = "red", lty = 
          "solid", lwd = 1, add = TRUE, xlim = 
          c(min(power.load$temp), max(power.load$temp)))
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Notice that there appears to be a quadratic pattern to the points which suggests that the model should include a X2 term.  Also, examine how the shape of the ei vs. Xi plot can be seen from examining this plot (i.e., positive residuals near 70 and 110 and mostly negative residuals in between).  

Suppose I add temperature2 to the model.  

>   mod.fit2<-lm(formula = load ~ temp + I(temp^2), data = power.load)

>   sum.fit2<-summary(mod.fit2)

>   sum.fit2

Call:

lm(formula = load ~ temp + I(temp^2), data = power.load)

Residuals:

      Min        1Q    Median        3Q       Max 

-10.42910  -2.17790  -0.01562   3.17590   9.64893 

Coefficients:

              Estimate Std. Error t value Pr(>|t|)    

(Intercept) 385.048093  55.172436   6.979 5.27e-07 ***

temp         -8.292527   1.299045  -6.384 2.01e-06 ***

I(temp^2)     0.059823   0.007549   7.925 6.90e-08 ***

---

Signif. codes:  0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1 

Residual standard error: 5.376 on 22 degrees of freedom

Multiple R-Squared: 0.9594,     Adjusted R-squared: 0.9557 

F-statistic: 259.7 on 2 and 22 DF,  p-value: 4.991e-16 

>   #e.i vs. X.i

>   par(mfrow=c(1,1))

>   plot(x = power.load$temp, y = mod.fit2$residuals, xlab 
     = "Temperature", ylab = "Residuals", main = "Residuals 
     vs. Temperature", col = "black", pch = 1, panel.first 
     = grid(col = "gray", lty = "dotted"))

>   abline(h = 0, col = "red")
>   #Scatter plot with sample model

>   plot(x = power.load$temp, y = power.load$load, xlab = 
         "Temperature", ylab = "Power load", main = "Power 
         load vs. Temperature", col = "black", pch = 1, 
         panel.first = grid(col = "gray", lty = "dotted"))

>   curve(expr = mod.fit2$coefficients[1] + 
          mod.fit2$coefficients[2]*x + 
          mod.fit2$coefficients[3]*x^2, col = "red", lty = 
          "solid", lwd = 1, add = TRUE, xlim = 
          c(min(power.load$temp), max(power.load$temp)))
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The sample regression model is now 
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 where Y = power load and X = temperature.  The ei vs. temperature plot no longer shows any patterns.  Note that “polynomial regression” will be discussed in KNN on p. 219 and reasoning will be given for why X still remained in the model.  

Example: nonlin_relation_only.R
I simulated data from a population regression model to illustrate various situations.  Remember that our regular population model is 

Yi = (0 + (1Xi + (i with (i ~ independent N(0,(2) 
Suppose we let (0 = 2, (1 = 10, (2 = 252.  Using the rnorm() function in R and set of Xi’s, we can obtain (i for i = 1,…, n and then use Yi = 2 + 10Xi + (i to obtain Yi.  This is a very good example of showing what a population regression model represents.    
> #########################################################

> #Simulate data

>   X<-seq(from = 1, to = 99, by = 2)

>   set.seed(1719)  #Set seed so that I can reproduce the 
                     exact same results

>   epsilon1<-rnorm(n = length(X), mean = 0, sd = 25)  
              #Simulate from N(0,25^2)

>   epsilon2<-rnorm(n = length(X), mean = 0, sd = 5)   
              #Simulate from N(0,5^2)

>   beta0<-2

>   beta1<-10

>   #Create response variable - notice how the mix of 
       vectors and scalar quantities in creating the Y's

>   Y1<-beta0 + beta1*X + epsilon1            #linear

>   Y2<-beta0 + beta1*sqrt(X) + epsilon2      #non-linear

>   head(data.frame(Y1, X))

         Y1  X

1   4.38882  1

2  42.64053  3

3  49.99518  5

4  48.91153  7

5 148.61576  9

6 123.26733 11
Population regression model #1: Suppose Yi  = 2 + 10Xi + (i where (i ~ independent N(0,25).  Fifty observations from this model were simulated to produce the plots below.  The sample model is 
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>   mod.fit<-lm(formula = Y1 ~ X)  #Do not need data = 
                                    option since X and Y 
                                    exist outside of one 
                                    data set

>   mod.fit$coefficients

(Intercept)           X 

   8.898149    9.859957 

>   par(mfrow = c(1,2))

>   plot(x = X, y = Y1, main = "Y1 vs. X", panel.first = 
         grid(col = "gray", lty = "dotted"))

>   curve(expr = mod.fit$coefficients[1] + 
          mod.fit$coefficients[2]*x, col = "red", add = 
          TRUE, xlim = c(min(X), max(X)))
>   plot(x = X, y = mod.fit$residuals, ylab = "Residuals", 
         main = "Residuals vs. X", panel.first = grid(col = 
         "gray", lty = "dotted"))

>   abline(h = 0, col = "red")
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Note that points on the scatter plot seem to be randomly scattered about the sample regression model’s line.  Also, there is no pattern in the plot of ei vs. Xi.  This is an example where there is NOT a problem with the linearity of the regression function.   

Population regression model #2: Suppose Yi  = 2 + 10*
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 + (i where (i ~ independent N(0,5).  Fifty observations from this model were generated to produce the plots below.  The sample model is 
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 (Note that only X is used in the sample model).  

>   mod.fit<-lm(formula = Y2 ~ X)  

>   mod.fit$coefficients

(Intercept)           X 

 27.8537113   0.8205562 

>   plot(x = X, y = Y2, main = "Y2 vs. X", panel.first = 
         grid(col = "gray", lty = "dotted"))

>   curve(expr = mod.fit$coefficients[1] + 
          mod.fit$coefficients[2]*x, col = "red", add = 
          TRUE, xlim = c(min(X), max(X)))
>   plot(x = X, y = mod.fit$residuals, ylab = "Residuals", 
         main = "Residuals vs. X", panel.first = grid(col = 
         "gray", lty = "dotted"))

>   abline(h = 0, col = "red")
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Note that the points on the scatter plot are NOT  randomly scatter about the estimated regression line.  There is a pattern in the plot of ei vs. Xi.  This is an example where there is a problem with the linearity of the regression function.  This particular “shape” may indicate a 
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 or log10(X) transformation is needed (See p. 130, plot a).  

Suppose the 
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 transformation is tried.  The sample model is 
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 and much closer to the population model.  
>   #Try a transformation

>   mod.fit<-lm(formula = Y2 ~ sqrt(X))  

>   mod.fit$coefficients

(Intercept)     sqrt(X) 

 -0.1090976  10.3460496 

>   plot(x = X, y = Y2, main = "Y2 vs. X", panel.first = 
         grid(col = "gray", lty = "dotted"))

>   curve(expr = mod.fit$coefficients[1] + 
          mod.fit$coefficients[2]*sqrt(x), col = "red", add 
          = TRUE, xlim = c(min(X), max(X)))

>   plot(x = X, y = mod.fit$residuals, ylab = "Residuals", 
         main = "Residuals vs. X", panel.first = grid(col = 
         "gray", lty = "dotted"))

>   abline(h = 0, col = "red")  
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Population regression model #3: Suppose Yi  = 2 + 10*
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 + (i where (i ~ independent N(0,5).  One hundred observations from this model were generated to produce the plots below.  The sample model is 
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 (Note that only X is used in the sample model).

>   X<-seq(from = 0.01, to = 1, by = 0.01)

>   set.seed(1278)  

>   epsilon3<-rnorm(n = length(X), mean = 0, sd = 5)  

>   beta0<-2

>   beta1<-10

>   #Create response variable 
>   Y3<-beta0 + beta1*1/X + epsilon3      #non-linear

>   mod.fit<-lm(formula = Y3 ~ X)  

>   mod.fit$coefficients

(Intercept)           X 

   150.7347   -193.4018 

>   plot(x = X, y = Y3, main = "Y3 vs. X", panel.first = 
         grid(col = "gray", lty = "dotted"))

>   curve(expr = mod.fit$coefficients[1] + 
          mod.fit$coefficients[2]*x, col = "red", add = 
          TRUE, xlim = c(min(X), max(X)))

>   plot(x = X, y = mod.fit$residuals, ylab = "Residuals", 
         main = "Residuals vs. X", panel.first = grid(col = 
         "gray", lty = "dotted"))

>   abline(h = 0, col = "red")
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Note that the points on the scatter plot are NOT randomly scatter about the sample regression model’s line.  There is a pattern in the plot of ei vs. Xi.  This is an example where there is a problem with the linearity of the regression function.  This particular “shape” is indicative of using a 
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 or e-X transformation (where e(2.71) – see p. 130, plot c.    

>   #Try a transformation

>   mod.fit<-lm(formula = Y3 ~ I(1/X))  

>   mod.fit$coefficients

(Intercept)      I(1/X) 

   1.166172   10.005176 

>   plot(x = X, y = Y3, main = "Y3 vs. X", panel.first = 
         grid(col = "gray", lty = "dotted"))

>   curve(expr = mod.fit$coefficients[1] + 
         mod.fit$coefficients[2]*1/x, col = "red", add = 
         TRUE, xlim = c(min(X), max(X)))

>   plot(x = X, y = mod.fit$residuals, ylab = "Residuals", 
         main = "Residuals vs. X", panel.first = grid(col = 
         "gray", lty = "dotted"))

>   abline(h = 0, col = "red")
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See plot b on p. 130 of KNN for a another example of these plots and types of transformations.

2) The error variance is not constant
Yi=(0+(1Xi+(i 

where (i ~ independent N(0,(2) 

How can we tell if the variance for (i is (2 (i.e., constant) for all i=1,…,n?  Typically, if the assumption does not hold true, (2 is a function of X or Y.  A plot of ei vs. 
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 can be used to detect this.  

Below are two examples of plotting Y vs. X to show what the constant variance assumption looks.  Although this type of plot can be used in simple linear regression to detect the constant variance problem, this type of plot will not be available in multiple regression (Chapter 6 and beyond).  Therefore, we use a plot of ei vs. 
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 to usually detect this problem.  

Example 1: Constant variance assumption holds for simple linear regression.
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The variability of the Y’s around the sample regression model’s line appears to be the same. 

Example 2: Constant variance assumption does not hold for simple linear regression.
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Notice how the points tend to spread (fan) out in the Y direction as X changes.

A funnel shape or oval shape in a plot of ei vs. 
[image: image34.wmf]i

ˆ

Y

 denotes a violation of the equal variances assumption.
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Using transformations of the response variable (like log(Y), 1/Y, and 
[image: image36.wmf]Y

) is one way to try to solve a nonconstant variance problem.  A number of transformations can be tried and the same plot (with the transformed predicted Y) can be constructed to see if the pattern still exists.  If it does not, the transformation chosen stabilizes the variance.  See Figure 3.15 on p. 132 for a graphical guide for what types of transformations to use.  The Box-Cox family of transformations is a more formal way to find the correct transformation and it will be discussed next.  Lastly, weighted least squares, where weights are proportional to the nonconstant variance for each (i, can be used and this will be discussed in Section 11.1.  

Box-Cox transformations 

To fully understand this procedure, you need to know what maximum likelihood estimation represents.  You will be responsible here for being able to apply it only.  

Consider the transformed regression model of 
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 and Y > 0.  This is the most common definition as given by Box and Cox (1964).  Due to the structure of a linear regression model
, one can equivalently express this as 
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which KNN does.  With this model, there is an extra parameter, (, that must be estimated.  Through maximum likelihood estimation, (, (0, (1, and (2 are all estimated.  The estimated ( then suggests the type of transformation to use.  For example, if ( is estimated to be ½, use the square root transformation.  Notice if ( is estimated to be 1, no transformation is needed.  The estimate for ( is commonly searched for in the range of 
-2 to 2.  
Example: Trees data from MASS package (trees.R)
This data is in the MASS package.  The MASS package contains a set of functions and data sets used with the Modern Applied Statistics with S book by Venables and Ripley.  See help(trees) for specific information on the data set.   
Let Y = volume and X = height for the trees in the sample.  

> library(MASS)  #Location of trees data and boxcox() 

                  function
> head(trees)

  Girth Height Volume

1   8.3     70   10.3

2   8.6     65   10.3

3   8.8     63   10.2

4  10.5     72   16.4

5  10.7     81   18.8

6  10.8     83   19.7

> mod.fit<-lm(formula = Volume ~ Height, data = trees) 

> summary(mod.fit)

Call:

lm(formula = Volume ~ Height, data = trees)

Residuals:

    Min      1Q  Median      3Q     Max 

-21.274  -9.894  -2.894  12.067  29.852 

Coefficients:

            Estimate Std. Error t value Pr(>|t|)    

(Intercept) -87.1236    29.2731  -2.976 0.005835 ** 

Height        1.5433     0.3839   4.021 0.000378 ***

---

Signif. codes:  0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1 

Residual standard error: 13.4 on 29 degrees of freedom

Multiple R-Squared: 0.3579,     Adjusted R-squared: 0.3358 

F-statistic: 16.16 on 1 and 29 DF,  p-value: 0.0003784 

> #Plot of Y vs. X with sample model

> plot(x = trees$Height, y = trees$Volume, xlab = "Height", 
       ylab = "Volume", main = "Volume vs. Height", 

       panel.first = grid(col = "gray", lty = "dotted"))

> curve(expr = mod.fit$coefficients[1] + 
        mod.fit$coefficients[2]*x, col = "red", lty = 
        "solid", lwd = 1, add = TRUE, xlim = 
        c(min(trees$Height), max(trees$Height)))
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Notice that the variability in the Yi’s increases as Xi increases.  

> #e.i vs. Yhat.i 
> plot(x = mod.fit$fitted.values, y = mod.fit$residuals, 
       xlab = expression(hat(Y)), ylab = "Residual", 

       main = expression(paste("Residuals vs. ", hat(Y))), 
       panel.first = grid(col = "gray", lty = "dotted"))

> abline(h = 0, col = "red")
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The funnel shape occurs a little here.  Based upon this and the Y vs. X plot, it would be of interest to consider a transformation of Y.  Also, notice the use of hat(Y) and the expression() function in the plot() function.  Use demo(plotmath) for more information about how to get mathematical symbols in plots.

> #Determine lambda.hat – Use getAnywhere(boxcox.default) 
                              if you want to see the function
   

    > save.bc<-boxcox(object = mod.fit, lambda = seq(from = -2, 
                  to = 2, by = 0.01))  #In MASS package
> title(main = "Box-Cox transformation plot")  #Another way 

                                   to get a title on a plot
> lambda.hat<-save.bc$x[save.bc$y == max(save.bc$y)] 

> lambda.hat

[1] -0.19
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The boxcox() function estimates ( using maximum likelihood estimation.  If you have seen this type of estimation before, the above plot should look familiar.  Here, it shows the profile 
log-likelihood function is maximized when ( = -0.19.  It also gives a likelihood based 95% confidence interval of about -0.8 to 0.4 for (.  Notice that ( = 0 is in the interval (may want to consider natural log transformation), and notice ( = 1 is not interval (transformation needed).  Please make sure to see my code above for how I found 
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 (maximum likelihood estimate) after boxcox() was run.  
Using 
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 = -0.19 results in the following,

>   mod.fit2<-lm(formula = Volume^lambda.hat ~ Height, data 
                 = trees) 

>   summary(mod.fit2)

Call:

lm(formula = Volume^lambda.hat ~ Height, data = trees)

Residuals:

      Min        1Q    Median        3Q       Max 

-0.062972 -0.042188  0.004258  0.028598  0.069320 

Coefficients:

             Estimate Std. Error t value Pr(>|t|)    

(Intercept)  0.959543   0.090273  10.629 1.62e-11 ***

Height      -0.005526   0.001184  -4.668 6.38e-05 ***

---

Signif. codes:  0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1 

Residual standard error: 0.04131 on 29 degrees of freedom

Multiple R-Squared: 0.429,      Adjusted R-squared: 0.4093 

F-statistic: 21.79 on 1 and 29 DF,  p-value: 6.375e-05 

>   plot(x = mod.fit2$fitted.values, y = 
       mod.fit2$residuals, xlab = expression(hat(Y)^{-
       0.19}), ylab = "Residual", main = 
       expression(paste("Residuals vs. ", hat(Y)^{-0.19})), 
       panel.first = grid(col = "gray", lty = "dotted"))

>   abline(h = 0, col = "red")
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It looks like 
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 = -0.19 leads to an approximately constant variance.  The sample model can then be expressed as 
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How would you find 
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?  

Since ( = 0 is in the interval, it may be of interest to try the natural log transformation since this is easier to interpret (and more common).

>   mod.fit3<-lm(formula = log(Volume) ~ Height, data = 
                 trees) 

>   summary(mod.fit3)

Call:

lm(formula = log(Volume) ~ Height, data = trees)

Residuals:

     Min       1Q   Median       3Q      Max 

-0.66691 -0.26539 -0.06555  0.42608  0.58689 

Coefficients:

            Estimate Std. Error t value Pr(>|t|)    

(Intercept) -0.79652    0.89053  -0.894    0.378    

Height       0.05354    0.01168   4.585 8.03e-05 ***

---

Signif. codes:  0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1 

Residual standard error: 0.4076 on 29 degrees of freedom

Multiple R-Squared: 0.4203,     Adjusted R-squared: 0.4003 

F-statistic: 21.02 on 1 and 29 DF,  p-value: 8.026e-05 

>   plot(x = mod.fit3$fitted.values, y = 
         mod.fit3$residuals, xlab = "log(Y)", ylab = 
         "Residual", main = "Residuals vs. log(Y)", 
         panel.first = grid(col = "gray", lty = "dotted"))

>   abline(h = 0, col = "red")
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The natural log transformation works as well.  This sample model can be expressed as 
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How would you find 
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?  

Notes:

1) The Box-Cox transformation may not work as well for other data sets.  It is dependent upon if other parts of the model are correct.   
2) There is an interesting function called vis.boxcox() in the TeachingDemos package.  If you run the function simply as vis.boxcox(), it will simulate data for a simple linear regression model.  Plots of Y vs X. and residuals vs. X (not sure what not residuals vs. 
[image: image52.wmf]ˆ

Y

) are produced for the simulated data.  The user can then interactively choose a ( value to see how it will change these plots.  Below is a screen capture from running it once.  

[image: image53.jpg]R Graphics: Device 2 (ACTIVE)

Transformed y

ckpack(sc <-
T =3, o
side = "le

assign("se”, s
evalg(ckeonfig

> sample(c(-1
11 2
> vis.boxeox()
<Tol>

>

Residuals
Residuals





3) (i are not independent

Yi=(0+(1Xi+(i where (i ~ independent N(0,(2) 

When data is collected over time (often Xi denotes time), the error terms may not be independent.  A “sequence plot of the residuals” can be used to detect this.  This plots the residuals from observation number 1 to n in the sequence the data was collected.  A pattern in the residuals (i.e., they look correlated) gives evidence that the (i are not independent.

Example plot: 
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Solution: Use time series analysis methods.  See www.chrisbilder.com/ts/schedule.htm for my lecture notes from when I have taught a times series analysis class.  The Section 5.5 lecture notes talk about how the gls() function can be used to solve the dependence problems.  UNL STAT 971 may discuss this some as well.    

4) The model fits all but one or a few outlier observations

Outliers: Extreme values; out-of-the-ordinary observations 

Want to detect these because: 

a) Could be data entry error

b) Can affect how the sample model fits the data.  For example, suppose there is one outlier, the sample model’s line may be pulled toward the corresponding observation in the data set causing a distortion between the relationship of Y and X.  

The semistudentized residuals are 
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.  We can treat these as approximately mean 0 and variance 1 random variables.  Remember that all data tends to lie (3(standard deviations) from its mean (see p. 1.49 of notes), we can use 0(3*1 = (-3,3) as an expected range for the semistudentized residuals.  Note that KNN says 
(-4,4).  A residual outside of this range may denote an outlier.

A plot of 
[image: image56.wmf]i

e

*

 vs. 
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 (and other plots) can be used to detect these outliers.  

Example plot: 
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Example: Predicting peak power load 
(power_load.R)

Continuing the code and output from the last time we examined this data
>   semi.stud.resid<-mod.fit$residuals/sum.fit$sigma

>   #e.i.star vs. Yhat.i

>   par(mfrow = c(1,1))

>   plot(x = mod.fit$fitted.values, y = semi.stud.resid, 
         xlab = expression(hat(Y)), ylab = "Semi-
         studentized residuals", main = 
         expression(paste("Semi-studentized residuals vs.", 
         hat(Y))), panel.first = grid(col = "gray", lty = 
         "dotted"), ylim = c(-3,3))

>   abline(h = 0, col = "red")

>   abline(h = c(-3,3), col = "red", lwd = 2)
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Notice that there are no outliers indicated from the plots (i.e., no semistudentized residuals >3 or <-3).  Be careful with implementing this code!  I used the ylim option her only so that you could see the lower and upper boundary lines.  If there were values outside of this range, the plot would not show them! 
What if there is an outlier?

1. Check for data entry error
2. Could be due to an omission of an important variable from the model (more on this when we get to multiple regression)
3. If only a few outliers exist and they are not too extreme, continue with the regression analysis.  
4. Look for particular characteristics of the outliers that may be the cause (more on this when we get to multiple regression
).

5) (i are not distributed normally 

Yi=(0+(1Xi+(i where (i ~ independent N(0,(2) 

Small departures from normality for the (i do not cause major problems.  Large departures from normality do!  

A histogram with normal distribution overlay and QQ-plot of the ei or 
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 should look like a corresponding plot from a normal distribution.  

What is a QQ-plot for the normal distribution? 

Plot the observed quantiles (ordered data values) vs. what they would be if the data had a normal distribution.  For example, in this type of plot the median observed value would be on the y-axis and the median of a normal distribution would be on the x-axis.  Please see the upcoming example for more information.    

KNN talk about a normal probability plot (p. 110-112).  This is mostly the same plot as the QQ-plot.  

Example: Predicting peak power load 
(power_load.R)

Histogram 

>   #Regular histogram of the semi-studentized residuals

>   hist(x = semi.stud.resid, main = "Histogram of semi-
         studentized residuals", xlab = "Semi-
         studentized residuals")
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Next is a better plot to assess normality.  I changed the y-axis to be frequency/(class width ( n) using the freq = FALSE option.  This allows one to put the y-axis on the same scale as a probability distribution function, i.e., f(x) = 
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 for a normal distribution.
>  #Histogram of the semi-studentized residuals with normal 
      distribution overlay

>   hist(x = semi.stud.resid, main = "Histogram of semi-
         studentized residuals", xlab = "Semi-
         studentized residuals", freq = FALSE)

>   curve(expr = dnorm(x, mean = mean(semi.stud.resid), sd 
          = sd(semi.stud.resid)), col = "red", add = TRUE)
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Comments:

1) What do you think about normality?

2) Would both plots be needed?

QQ-plot

If 
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i

e

 has a normal distribution, then the sorted 
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 values should be exactly the same as the quantiles from a normal distribution with the same mean and standard deviation as 
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.  Question: What is the mean and approximate standard deviation of 
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NOTE: We will later use in Chapter 10 what are called “studentized residuals” which are better to use because they have a normal distribution with the same variance for i = 1, …, n.  Until then, the semistudentized residuals will be good enough to use.     

The plot next shows that the 
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 values plotted against their normal quantiles.  If 
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 does follow a normal distribution with a particular mean and variance, these values would be equal.  I have plotted a line at a 45( degree angle line (slope = 1) to help you see it.  
>  n<-length(semi.stud.resid) 
>  norm.quant<-qnorm(p = seq(from = 1/(n+1), to = 1-
      1/(n+1), by = 1/(n+1)), mean = mean(semi.stud.resid), 
      sd = sd(semi.stud.resid))

>  plot(y = sort(semi.stud.resid), x = norm.quant, main = 
         "QQ-Plot for semi-studentized residuals", ylab = 

         "Semi-studentized residuals", xlab = "Normal 
         quantiles", panel.first = grid(nx = NULL, ny = 
          NULL, col="gray", lty="dotted"))

>   abline(a = 0, b = 1, col = "red")

>   #What is being plotted above?

>   probs<-round(seq(from = 1/(n+1), to = 1-1/(n+1), by = 

                 1/(n+1)),4)

>   data.frame(sort.semi.stud.res = 
               round(sort(semi.stud.resid),2), 
               norm.quant = round(norm.quant,2), probs)

    sort.semi.stud.res norm.quant  probs

10              -1.69      -1.73 0.0385

14              -1.16      -1.40 0.0769

19              -1.03      -1.17 0.1154

12              -0.98      -1.00 0.1538

13              -0.97      -0.85 0.1923

11              -0.95      -0.72 0.2308

9               -0.89      -0.60 0.2692
Output edited

2                1.61       1.40 0.9231

25               2.25       1.73 0.9615
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Statistical package implementations of QQ-plots do not always give the exact same plot as here.  One of the main differences is what to plot for the x-axis.  Here, I said that the smallest 
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 was the 0.0385 (= 1/(n+1) where n=25) quantile of its distribution.  The second smallest 
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 was the 0.0769 (= 2/(n+1)) quantile of its distribution.  The largest 
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 was the 0.9615 (= n/(n+1)) quantile of its distribution.  Other implementations of a QQ-plot may use a different formula than i/(n+1) for i = 1, …, n.  

What do you think about 
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 and normality?

Additional implementations may plot N(0,1) quantiles on the x-axis instead of what I plotted for N(
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, 
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 are the mean and variance, respectively, of the 
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.  If N(0,1) was used instead, the plotted values should still fall on a straight line if 
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 had a normal distribution.  However, the straight line would no longer be the same.  Instead, it would have a y-intercept of 
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 and slope of 
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.  
Why?  From your first STAT class, you learned that if X~N((,(2), then Z = (X - ()/( ~ N(0,1).  Also, notice that X = ( + (Z then.  

Finally, R directly implements the QQ-plot with the qqnorm() and qqline() functions.  The qqnorm() function draws the plot with N(0,1) quantiles on the x-axis with a different formula for the probabilities used in finding the quantiles.  The qqline() function draws a straight line between the 25th and 75 th quantiles.  Again, if 
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 has a normal distribution, all plotted points should fall on this straight line.  
>  #QQ-plot

>   qqnorm(y = semi.stud.resid)

>   qqline(y = semi.stud.resid, col = "red")
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>   #What are the qqnorm() and qqline() functions plotting 
           exactly?

>   save.qqnorm<-qqnorm(y = semi.stud.resid, plot = FALSE)

>   n<-length(semi.stud.resid)

>   save.it<-data.frame(
             y.axis = round(sort(save.qqnorm$y),2),

                 semi.stud.res = round(sort(semi.stud.resid),2), 

             prob1 = ppoints(semi.stud.resid), 
             prob2 = (1:n - 1/2)/n, 
             x.axis = round(sort(save.qqnorm$x),2), 

             quant.norm = round(qnorm(p = (1:n - 1/2)/n, 
                                      mean = 0, sd = 1),2))

>   save.it

   y.axis semi.stud.res prob1 prob2 x.axis quant.norm

10  -1.69         -1.69  0.02  0.02  -2.05      -2.05

14  -1.16         -1.16  0.06  0.06  -1.55      -1.55

19  -1.03         -1.03  0.10  0.10  -1.28      -1.28

12  -0.98         -0.98  0.14  0.14  -1.08      -1.08

13  -0.97         -0.97  0.18  0.18  -0.92      -0.92

11  -0.95         -0.95  0.22  0.22  -0.77      -0.77

9   -0.89         -0.89  0.26  0.26  -0.64      -0.64

23  -0.64         -0.64  0.30  0.30  -0.52      -0.52

8   -0.51         -0.51  0.34  0.34  -0.41      -0.41

Output edited

2    1.61          1.61  0.94  0.94   1.55       1.55

25   2.25          2.25  0.98  0.98   2.05       2.05

While my original code is better to use, you may use the qqnorm() and qqline() functions in this class. 

Comments:

1. Overall, assessing normality can be difficult.  KNN recommend investigating other departures from the model first before worrying about this.  Also, remember that regression analysis tends to be “robust” against departures from normality.  
2. See p.108 for examples of shapes of a QQ-plot when normality does not exist.  Alternatively, simulate observations yourself from a probability distribution and then do a QQ-plot!    

3. If you have had a mathematical statistics course, see my program for how to use a plot of the cumulative distribution function (CDF) to assess normality.  

4. How do you solve problems with normality?  Often, working with transformations of the response variable, such as log(Y), 
[image: image85.wmf]Y

, and 1/Y, will help induce approximate normality.  There are other times where one will need to use more sophisticated types of regression.  For example, when Y = 0 or 1 only, logistic regression should be used.  This is discussed in STAT 875.   

5. Often, normality and nonconstant variance problems can be solved simultaneously.  I recommend trying transformations as suggested for the nonconstant variance problem first.  

6) Additional important predictor variables have been excluded from the model

This type of plot will become more important in multiple regression.  

Plot ei vs. zi where zi is an additional predictor variable.  If there is a pattern in the plot, this suggests that zi should be included in the regression model.  

Other notes for Sections 3.3 and 3.9:

1) Often more than one of these departures from the model assumptions occurs at the same time!  Try to solve one and do the same plots (with transformed model or data) to see if any problems still exist.  If they do, continue making changes until the problems have been solved!
2) Sometimes it is helpful to introduce a constant in a transformation.  For example, suppose Y can be negative.  Then taking the log of Y will result in problems.  Therefore, using log(Y+c) (where c is an appropriately chosen constant) can overcome this problem.  Constants can also be used for transformations for X.  

3.8 Overview of remedial measures

Read on your own.  Discusses many items already discussed here.  

�PAGE \# "'Page: '#'�'"  ��Describe what happens if find problem


�PAGE \# "'Page: '#'�'"  ��(from Sincich 1996)


�Just linear transformation - see p. 214-5 of Box and Cox (1964)


�It is generic and partially hidden


�This is not exactly a log-likelihood, but rather a profile log-likelihood.  Basically, the other parameters in the model are kept fixed while lambda is found (STAT 875 talks about these types of log-likelihood functions a little more)


(�bo+b1x)^(1/0.19)


�PAGE \# "'Page: '#'�'"  ��(from Sincich 1996)


�PAGE \# "'Page: '#'�'"  ��May end up up limiting the population of inference


�PAGE \# "'Page: '#'�'"  ��(from Sincich 1996)


�Normality is hard to assess precisely.  


�NO!  Good example of students not paying attention to my code and simply copying and pasting it into their project program!


�Remember that a sample from a normal distribution generally will not fall exactly on the straight line!
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Beta1=0

		X		Y		Normal		Beta_0		Y_bar														SUMMARY OUTPUT

		1		2.8901553226		-0.1098446774		3		3.2259698067

		1.1		2.2705861587		-0.7294138413		3		3.2259698067														Regression Statistics

		1.2		3.5566148502		0.5566148502		3		3.2259698067														Multiple R		0.0829108382

		1.3		4.0850369563		1.0850369563		3		3.2259698067														R Square		0.0068742071

		1.4		2.8353987394		-0.1646012606		3		3.2259698067														Adjusted R Square		-0.0138159136

		1.5		3.6688946996		0.6688946996		3		3.2259698067														Standard Error		0.8741648423

		1.6		2.7606082616		-0.2393917384		3		3.2259698067														Observations		50

		1.7		2.7185340135		-0.2814659865		3		3.2259698067

		1.8		4.2116065591		1.2116065591		3		3.2259698067														ANOVA

		1.9		2.3883052412		-0.6116947588		3		3.2259698067																df		SS		MS		F		Significance F

		2		3.7120504506		0.7120504506		3		3.2259698067														Regression		1		0.253890388		0.253890388		0.3322458674		0.5670328666

		2.1		4.3326653061		1.3326653061		3		3.2259698067														Residual		48		36.6798802313		0.7641641715

		2.2		3.0181430551		0.0181430551		3		3.2259698067														Total		49		36.9337706193

		2.3		2.748245159		-0.251754841		3		3.2259698067

		2.4		2.8800902858		-0.1199097142		3		3.2259698067																Coefficients		Standard Error		t Stat		P-value		Lower 95%		Upper 95%		Lower 95.0%		Upper 95.0%

		2.5		1.3621728461		-1.6378271539		3		3.2259698067														Intercept		3.3963286637		0.3203664759		10.6013859727		0		2.7521890695		4.0404682579		2.7521890695		4.0404682579

		2.6		4.1304068721		1.1304068721		3		3.2259698067														X		-0.0493793788		0.0856674478		-0.5764077267		0.5670328666		-0.221625226		0.1228664684		-0.221625226		0.1228664684

		2.7		2.3725994045		-0.6274005955		3		3.2259698067

		2.8		3.0183497377		0.0183497377		3		3.2259698067

		2.9		5.1822415874		2.1822415874		3		3.2259698067

		3		3.2092774594		0.2092774594		3		3.2259698067														RESIDUAL OUTPUT

		3.1		2.9106598807		-0.0893401193		3		3.2259698067

		3.2		4.0641128938		1.0641128938		3		3.2259698067														Observation		Predicted Y		Residuals		Standard Residuals

		3.3		4.4997099242		1.4997099242		3		3.2259698067														1		3.3469492849		-0.4567939622		-0.5279641579

		3.4		5.6296911528		2.6296911528		3		3.2259698067														2		3.342011347		-1.0714251883		-1.2383572116

		3.5		3.7822141015		0.7822141015		3		3.2259698067														3		3.3370734091		0.2195414411		0.253746813

		3.6		4.0148835372		1.0148835372		3		3.2259698067														4		3.3321354712		0.7529014851		0.8702063325

		3.7		3.4971986982		0.4971986982		3		3.2259698067														5		3.3271975333		-0.4917987939		-0.5684228724

		3.8		1.8992776707		-1.1007223293		3		3.2259698067														6		3.3222595954		0.3466351042		0.4006421407

		3.9		3.3361683412		0.3361683412		3		3.2259698067														7		3.3173216575		-0.556713396		-0.6434514105

		4		3.8956583315		0.8956583315		3		3.2259698067														8		3.3123837197		-0.5938497062		-0.6863736958

		4.1		2.5761930904		-0.4238069096		3		3.2259698067														9		3.3074457818		0.9041607773		1.0450323842

		4.2		3.8050678844		0.8050678844		3		3.2259698067														10		3.3025078439		-0.9142026027		-1.0566387633

		4.3		3.4123032795		0.4123032795		3		3.2259698067														11		3.297569906		0.4144805446		0.4790581527

		4.4		1.9023247053		-1.0976752947		3		3.2259698067														12		3.2926319681		1.040033338		1.2020743944

		4.5		1.4286141625		-1.5713858375		3		3.2259698067														13		3.2876940302		-0.2695509752		-0.3115480182

		4.6		2.1192432844		-0.8807567156		3		3.2259698067														14		3.2827560924		-0.5345109333		-0.6177897218

		4.7		3.5473079909		0.5473079909		3		3.2259698067														15		3.2778181545		-0.3977278686		-0.4596953476

		4.8		3.544907607		0.544907607		3		3.2259698067														16		3.2728802166		-1.9107073705		-2.2084026746

		4.9		3.3696263775		0.3696263775		3		3.2259698067														17		3.2679422787		0.8624645934		0.99683978

		5		3.1235921445		0.1235921445		3		3.2259698067														18		3.2630043408		-0.8904049363		-1.0291333321

		5.1		3.9833920558		0.9833920558		3		3.2259698067														19		3.2580664029		-0.2397166652		-0.2770654119

		5.2		2.4177319422		-0.5822680578		3		3.2259698067														20		3.2531284651		1.9291131224		2.2296761109

		5.3		3.4787752914		0.4787752914		3		3.2259698067														21		3.2481905272		-0.0389130678		-0.0449758683

		5.4		2.2265873061		-0.7734126939		3		3.2259698067														22		3.2432525893		-0.3325927086		-0.3844118877

		5.5		3.1943103598		0.1943103598		3		3.2259698067														23		3.2383146514		0.8257982424		0.9544606753

		5.6		2.509684244		-0.490315756		3		3.2259698067														24		3.2333767135		1.2663332107		1.4636326277

		5.7		3.2023515435		0.2023515435		3		3.2259698067														25		3.2284387756		2.4012523772		2.775376415

		5.8		3.7037954219		0.7037954219		3		3.2259698067														26		3.2235008378		0.5587132637		0.6457628651

		5.9		2.871124146		-0.128875854		3		3.2259698067														27		3.2185628999		0.7963206373		0.9203903499

																								28		3.213624962		0.2835737362		0.3277555774

																								29		3.2086870241		-1.3094093534		-1.5134201934

																								30		3.2037490862		0.1324192549		0.1530506666

																								31		3.1988111483		0.6968471832		0.8054185622

																								32		3.1938732105		-0.61768012		-0.7139169766

																								33		3.1889352726		0.6161326118		0.7121283608

																								34		3.1839973347		0.2283059448		0.2638768589

																								35		3.1790593968		-1.2767346915		-1.4756546978

																								36		3.1741214589		-1.7455072964		-2.0174638154

																								37		3.169183521		-1.0499402366		-1.2135248246

																								38		3.1642455832		0.3830624078		0.4427449535

																								39		3.1593076453		0.3855999618		0.4456778678

																								40		3.1543697074		0.2152566701		0.2487944587

																								41		3.1494317695		-0.025839625		-0.0298655345

																								42		3.1444938316		0.8388982242		0.9696016829

																								43		3.1395558937		-0.7218239515		-0.8342868038

																								44		3.1346179559		0.3441573355		0.3977783265

																								45		3.129680018		-0.9030927119		-1.0437979102

																								46		3.1247420801		0.0695682797		0.080407276

																								47		3.1198041422		-0.6101198982		-0.7051788441

																								48		3.1148662043		0.0874853392		0.1011158799

																								49		3.1099282664		0.5938671555		0.6863938638

																								50		3.1049903286		-0.2338661826		-0.2703034023
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More Variablility-12.5
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Linear Relationship

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0



X

Residuals
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Quadratic Relationship
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Non-constant variance

		X		Y		Normal						SUMMARY OUTPUT

		1		4.7065242496		-0.2934757504

		1.1		8.0302620194		2.8302620194						Regression Statistics

		1.2		3.2632695274		-2.1367304726						Multiple R		0.7721893343

		1.3		3.1294449541		-2.4705550459						R Square		0.5962763679

		1.4		2.8897879393		-2.9102120607						Adjusted R Square		0.5878654589

		1.5		6.9345549188		0.9345549188						Standard Error		2.0752405053

		1.6		4.9422615959		-1.2577384041						Observations		50

		1.7		6.198817953		-0.201182047

		1.8		6.0351328496		-0.5648671504						ANOVA

		1.9		6.4132373781		-0.3867626219								df		SS		MS		F		Significance F

		2		8.9361923478		1.9361923478						Regression		1		305.3103549931		305.3103549931		70.8932135472		0.0000000001

		2.1		10.7297744034		3.5297744034						Residual		48		206.7179114388		4.306623155

		2.2		9.7130833142		2.3130833142						Total		49		512.0282664319

		2.3		10.4798058338		2.8798058338

		2.4		9.5714028218		1.7714028218								Coefficients		Standard Error		t Stat		P-value		Lower 95%		Upper 95%		Lower 95.0%		Upper 95.0%		Lower 95.0%		Upper 95.0%

		2.5		8.0318550519		0.0318550519						Intercept		3.7385263213		0.760540181		4.9156197331		0.0000107393		2.2093586948		5.2676939478		2.2093586948		5.2676939478		-44960.872367779		59756.8485494964

		2.6		4.7791685099		-3.4208314901						X		1.7123528459		0.2033718917		8.4198107786		0.0000000001		1.3034464913		2.1212592005		1.3034464913		2.1212592005		-19041.0206721163		8960.9725585727

		2.7		9.5264601198		1.1264601198

		2.8		8.3122595232		-0.2877404768

		2.9		7.3610002113		-1.4389997887

		3		7.3320776664		-1.6679223336						RESIDUAL OUTPUT

		3.1		14.6199481383		5.4199481383

		3.2		8.9354619386		-0.4645380614						Observation		Predicted Y		Residuals

		3.3		11.1301502572		1.5301502572						1		5.4508791672		-0.7443549176

		3.4		10.1173499863		0.3173499863						2		5.6221144518		2.4081475676

		3.5		9.8199991751		-0.1800008249						3		5.7933497364		-2.5300802089

		3.6		8.3465516612		-1.8534483388						4		5.964585021		-2.8351400668

		3.7		8.4385364324		-1.9614635676						5		6.1358203056		-3.2460323662

		3.8		12.6693478291		2.0693478291						6		6.3070555901		0.6274993286

		3.9		6.0328580548		-4.7671419452						7		6.4782908747		-1.5360292788

		4		12.6081303329		1.6081303329						8		6.6495261593		-0.4507082063

		4.1		12.2811563698		1.0811563698						9		6.8207614439		-0.7856285943

		4.2		10.7254095898		-0.6745904102						10		6.9919967285		-0.5787593504

		4.3		14.5653601814		2.9653601814						11		7.1632320131		1.7729603347

		4.4		12.2247540346		0.4247540346						12		7.3344672977		3.3953071057

		4.5		8.6413888615		-3.3586111385						13		7.5057025823		2.2073807319

		4.6		9.1397758832		-3.0602241168						14		7.6769378669		2.8028679669

		4.7		11.2162308		-1.1837692						15		7.8481731515		1.7232296703

		4.8		13.1326382961		0.5326382961						16		8.019408436		0.0124466159

		4.9		12.0911507434		-0.7088492566						17		8.1906437206		-3.4114752107

		5		13.4841967893		0.4841967893						18		8.3618790052		1.1645811146

		5.1		12.2489841366		-0.9510158634						19		8.5331142898		-0.2208547666

		5.2		11.0545732352		-2.3454267648						20		8.7043495744		-1.3433493631

		5.3		12.4960389601		-1.1039610399						21		8.875584859		-1.5435071926

		5.4		14.5332419045		0.7332419045						22		9.0468201436		5.5731279947

		5.5		10.4810194797		-3.5189805203						23		9.2180554282		-0.2825934895

		5.6		12.2101929395		-1.9898070605						24		9.3892907128		1.7408595444

		5.7		13.1624360074		-1.2375639926						25		9.5605259973		0.5568239889

		5.8		12.132560883		-2.467439117						26		9.7317612819		0.0882378932

		5.9		16.451365892		1.651365892						27		9.9029965665		-1.5564449053

												28		10.0742318511		-1.6356954187

												29		10.2454671357		2.4238806934

												30		10.4167024203		-4.3838443655

												31		10.5879377049		2.020192628

												32		10.7591729895		1.5219833803

												33		10.9304082741		-0.2049986843

												34		11.1016435587		3.4637166228

												35		11.2728788432		0.9518751914

												36		11.4441141278		-2.8027252664

												37		11.6153494124		-2.4755735292

												38		11.786584697		-0.570353897

												39		11.9578199816		1.1748183145

												40		12.1290552662		-0.0379045228

												41		12.3002905508		1.1839062386

												42		12.4715258354		-0.2225416988

												43		12.64276112		-1.5881878848

												44		12.8139964045		-0.3179574445

												45		12.9852316891		1.5480102154

												46		13.1564669737		-2.675447494

												47		13.3277022583		-1.1175093188

												48		13.4989375429		-0.3365015355

												49		13.6701728275		-1.5376119445

												50		13.8414081121		2.6099577799
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		X		Y		Normal						SUMMARY OUTPUT

		1		4.8901553226		-0.1098446774

		1.1		4.4705861587		-0.7294138413						Regression Statistics

		1.2		5.9566148502		0.5566148502						Multiple R		0.9566937771

		1.3		6.6850369563		1.0850369563						R Square		0.9152629832

		1.4		5.6353987394		-0.1646012606						Adjusted R Square		0.9134976287

		1.5		6.6688946996		0.6688946996						Standard Error		0.8741648423

		1.6		5.9606082616		-0.2393917384						Observations		50

		1.7		6.1185340135		-0.2814659865

		1.8		7.8116065591		1.2116065591						ANOVA

		1.9		6.1883052412		-0.6116947588								df		SS		MS		F		Significance F

		2		7.7120504506		0.7120504506						Regression		1		396.1873791036		396.1873791036		518.4584594346		2.24512311555661E-27

		2.1		8.5326653061		1.3326653061						Residual		48		36.6798802313		0.7641641715

		2.2		7.4181430551		0.0181430551						Total		49		432.8672593349

		2.3		7.348245159		-0.251754841

		2.4		7.6800902858		-0.1199097142								Coefficients		Standard Error		t Stat		P-value		Lower 95%		Upper 95%		Lower 95.0%		Upper 95.0%		Lower 95.0%		Upper 95.0%

		2.5		6.3621728461		-1.6378271539						Intercept		3.3963286637		0.3203664759		10.6013859727		0		2.7521890695		4.0404682579		2.7521890695		4.0404682579		-44960.872367779		59756.8485494964

		2.6		9.3304068721		1.1304068721						X		1.9506206212		0.0856674478		22.7696829015		2.24512311555649E-27		1.778374774		2.1228664684		1.778374774		2.1228664684		-19041.0206721163		8960.9725585727

		2.7		7.7725994045		-0.6274005955

		2.8		8.6183497377		0.0183497377

		2.9		10.9822415874		2.1822415874

		3		9.2092774594		0.2092774594						RESIDUAL OUTPUT

		3.1		9.1106598807		-0.0893401193

		3.2		10.4641128938		1.0641128938						Observation		Predicted Y		Residuals		Standard Residuals

		3.3		11.0997099242		1.4997099242						1		5.3469492849		-0.4567939622		-0.5279641579

		3.4		12.4296911528		2.6296911528						2		5.542011347		-1.0714251883		-1.2383572116

		3.5		10.7822141015		0.7822141015						3		5.7370734091		0.2195414411		0.253746813

		3.6		11.2148835372		1.0148835372						4		5.9321354712		0.7529014851		0.8702063325

		3.7		10.8971986982		0.4971986982						5		6.1271975333		-0.4917987939		-0.5684228724

		3.8		9.4992776707		-1.1007223293						6		6.3222595954		0.3466351042		0.4006421407

		3.9		11.1361683412		0.3361683412						7		6.5173216575		-0.556713396		-0.6434514105

		4		11.8956583315		0.8956583315						8		6.7123837197		-0.5938497062		-0.6863736958

		4.1		10.7761930904		-0.4238069096						9		6.9074457818		0.9041607773		1.0450323842

		4.2		12.2050678844		0.8050678844						10		7.1025078439		-0.9142026027		-1.0566387633

		4.3		12.0123032795		0.4123032795						11		7.297569906		0.4144805446		0.4790581527

		4.4		10.7023247053		-1.0976752947						12		7.4926319681		1.040033338		1.2020743944

		4.5		10.4286141625		-1.5713858375						13		7.6876940302		-0.2695509752		-0.3115480182

		4.6		11.3192432844		-0.8807567156						14		7.8827560924		-0.5345109333		-0.6177897218

		4.7		12.9473079909		0.5473079909						15		8.0778181545		-0.3977278686		-0.4596953476

		4.8		13.144907607		0.544907607						16		8.2728802166		-1.9107073705		-2.2084026746

		4.9		13.1696263775		0.3696263775						17		8.4679422787		0.8624645934		0.99683978

		5		13.1235921445		0.1235921445						18		8.6630043408		-0.8904049363		-1.0291333321

		5.1		14.1833920558		0.9833920558						19		8.8580664029		-0.2397166652		-0.2770654119

		5.2		12.8177319422		-0.5822680578						20		9.0531284651		1.9291131224		2.2296761109

		5.3		14.0787752914		0.4787752914						21		9.2481905272		-0.0389130678		-0.0449758683

		5.4		13.0265873061		-0.7734126939						22		9.4432525893		-0.3325927086		-0.3844118877

		5.5		14.1943103598		0.1943103598						23		9.6383146514		0.8257982424		0.9544606753

		5.6		13.709684244		-0.490315756						24		9.8333767135		1.2663332107		1.4636326277

		5.7		14.6023515435		0.2023515435						25		10.0284387756		2.4012523772		2.775376415

		5.8		15.3037954219		0.7037954219						26		10.2235008378		0.5587132637		0.6457628651

		5.9		14.671124146		-0.128875854						27		10.4185628999		0.7963206373		0.9203903499

												28		10.613624962		0.2835737362		0.3277555774

												29		10.8086870241		-1.3094093534		-1.5134201934

												30		11.0037490862		0.1324192549		0.1530506666

												31		11.1988111483		0.6968471832		0.8054185622

												32		11.3938732105		-0.61768012		-0.7139169766

												33		11.5889352726		0.6161326118		0.7121283608

												34		11.7839973347		0.2283059448		0.2638768589

												35		11.9790593968		-1.2767346915		-1.4756546978

												36		12.1741214589		-1.7455072964		-2.0174638154

												37		12.369183521		-1.0499402366		-1.2135248246

												38		12.5642455832		0.3830624078		0.4427449535

												39		12.7593076453		0.3855999618		0.4456778678

												40		12.9543697074		0.2152566701		0.2487944587

												41		13.1494317695		-0.025839625		-0.0298655345

												42		13.3444938316		0.8388982242		0.9696016829

												43		13.5395558937		-0.7218239515		-0.8342868038

												44		13.7346179559		0.3441573355		0.3977783265

												45		13.929680018		-0.9030927119		-1.0437979102

												46		14.1247420801		0.0695682797		0.080407276

												47		14.3198041422		-0.6101198982		-0.7051788441

												48		14.5148662043		0.0874853392		0.1011158799

												49		14.7099282664		0.5938671555		0.6863938638

												50		14.9049903286		-0.2338661826		-0.2703034023
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		X				Y		Normal				SUMMARY OUTPUT

		-3		9		8.8901553226		-0.1098446774

		-2.9		8.41		7.6805861587		-0.7294138413				Regression Statistics

		-2.8		7.84		8.3966148502		0.5566148502				Multiple R		0.9572367402

		-2.7		7.29		8.3750369563		1.0850369563				R Square		0.9163021769

		-2.6		6.76		6.5953987394		-0.1646012606				Adjusted R Square		0.913416045

		-2.5		6.25		6.9188946996		0.6688946996				Standard Error		0.8183345562

		-2.4		5.76		5.5206082616		-0.2393917384				Observations		61

		-2.3		5.29		5.0085340135		-0.2814659865

		-2.2		4.84		6.0516065591		1.2116065591				ANOVA

		-2.1		4.41		3.7983052412		-0.6116947588						df		SS		MS		F		Significance F

		-2		4		4.7120504506		0.7120504506				Regression		2		425.2206340252		212.6103170126		317.484519184		5.73734171292543E-32

		-1.9		3.61		4.9426653061		1.3326653061				Residual		58		38.8409438622		0.6696714459

		-1.8		3.24		3.2581430551		0.0181430551				Total		60		464.0615778873

		-1.7		2.89		2.638245159		-0.251754841

		-1.6		2.56		2.4400902858		-0.1199097142						Coefficients		Standard Error		t Stat		P-value		Lower 95%		Upper 95%		Lower 95.0%		Upper 95.0%

		-1.5		2.25		0.6121728461		-1.6378271539				Intercept		0.3001632511		0.1572007368		1.9094264906		0.0611576335		-0.0145079764		0.6148344786		-0.0145079764		0.6148344786

		-1.4		1.96		3.0904068721		1.1304068721				X		-0.0906378247		0.059509339		-1.5230857242		0.1331713898		-0.2097586197		0.0284829704		-0.2097586197		0.0284829704

		-1.3		1.69		1.0625994045		-0.6274005955						0.9508586759		0.0378037146		25.1525197196		6.88150386849593E-33		0.8751863762		1.0265309755		0.8751863762		1.0265309755

		-1.2		1.44		1.4583497377		0.0183497377

		-1.1		1.21		3.3922415874		2.1822415874

		-1		1		1.2092774594		0.2092774594

		-0.9		0.81		0.7206598807		-0.0893401193				RESIDUAL OUTPUT

		-0.8		0.64		1.7041128938		1.0641128938

		-0.7		0.49		1.9897099242		1.4997099242				Observation		Predicted Y		Residuals

		-0.6		0.36		2.9896911528		2.6296911528				1		9.1298048078		-0.2396494852

		-0.5		0.25		1.0322141015		0.7822141015				2		8.5597344066		-0.8791482479

		-0.4		0.16		1.1748835372		1.0148835372				3		8.0086811789		0.3879336713

		-0.3		0.09		0.5871986982		0.4971986982				4		7.4766451247		0.8983918316

		-0.2		0.04		-1.0607223293		-1.1007223293				5		6.9636262441		-0.3682275047

		-0.1		0.01		0.3461683412		0.3361683412				6		6.4696245369		0.4492701627

		0		2.33037523270856E-30		0.8956583315		0.8956583315				7		5.9946400033		-0.4740317417

		0.1		0.01		-0.4138069096		-0.4238069096				8		5.5386726431		-0.5301386297

		0.2		0.04		0.8450678844		0.8050678844				9		5.1017224565		0.9498841025

		0.3		0.09		0.5023032795		0.4123032795				10		4.6837894435		-0.8854842023

		0.4		0.16		-0.9376752947		-1.0976752947				11		4.2848736039		0.4271768467

		0.5		0.25		-1.3213858375		-1.5713858375				12		3.9049749378		1.0376903683

		0.6		0.36		-0.5207567156		-0.8807567156				13		3.5440934453		-0.2859503903

		0.7		0.49		1.0373079909		0.5473079909				14		3.2022291263		-0.5639839673

		0.8		0.64		1.184907607		0.544907607				15		2.8793819808		-0.439291695

		0.9		0.81		1.1796263775		0.3696263775				16		2.5755520088		-1.9633791627

		1		1		1.1235921445		0.1235921445				17		2.2907392104		0.7996676618

		1.1		1.21		2.1933920558		0.9833920558				18		2.0249435854		-0.9623441809

		1.2		1.44		0.8577319422		-0.5822680578				19		1.778165134		-0.3198153962

		1.3		1.69		2.1687752914		0.4787752914				20		1.5504038561		1.8418377314

		1.4		1.96		1.1865873061		-0.7734126939				21		1.3416597517		-0.1323822923

		1.5		2.25		2.4443103598		0.1943103598				22		1.1519328208		-0.4312729401

		1.6		2.56		2.069684244		-0.490315756				23		0.9812230634		0.7228898304

		1.7		2.89		3.0923515435		0.2023515435				24		0.8295304796		1.1601794447

		1.8		3.24		3.9437954219		0.7037954219				25		0.6968550693		2.2928360836

		1.9		3.61		3.481124146		-0.128875854				26		0.5831968324		0.449017269

		2		4		3.9021747499		-0.0978252501				27		0.4885557691		0.6863277681

		2.1		4.41		5.3534206731		0.9434206731				28		0.4129318794		0.1742668188

		2.2		4.84		4.1277565091		-0.7122434909				29		0.3563251631		-1.4170474924

		2.3		5.29		4.4664816514		-0.8235183486				30		0.3187356204		0.0274327208

		2.4		5.76		4.7899293131		-0.9700706869				31		0.3001632511		0.5954950804

		2.5		6.25		6.5615183063		0.3115183063				32		0.3006080554		-0.714414965

		2.6		6.76		6.3407538653		-0.4192461347				33		0.3200700332		0.5249978511

		2.7		7.29		7.2229393177		-0.0670606823				34		0.3585491846		0.143754095

		2.8		7.84		7.6517109499		-0.1882890501				35		0.4160455094		-1.3537208041

		2.9		8.41		8.281079126		-0.128920874				36		0.4925590078		-1.8139448452

		3		9		8.871079126		-0.128920874				37		0.5880896796		-1.1088463952

												38		0.702637525		0.3346704659

												39		0.8362025439		0.3487050631

												40		0.9887847364		0.1908416411

												41		1.1603841023		-0.0367919578

												42		1.3510006418		0.842391414

												43		1.5606343548		-0.7029024125

												44		1.7892852413		0.3794900502

												45		2.0369533013		-0.8503659952

												46		2.3036385348		0.140671825

												47		2.5893409418		-0.5196566978

												48		2.8940605224		0.1982910211

												49		3.2177972765		0.7259981455

												50		3.5605512041		-0.0794270581

												51		3.9223223052		-0.0201475553

												52		4.3031105798		1.0503100933

												53		4.702916028		-0.5751595188

												54		5.1217386496		-0.6552569983

												55		5.5595784448		-0.7696491317

												56		6.0164354135		0.5450828927

												57		6.4923095557		-0.1515556904

												58		6.9872008715		0.2357384462

												59		7.5011093607		0.1506015891

												60		8.0340350235		0.2470441025

												61		8.5859778598		0.2851012662
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		X		Y				Normal

		1		4.9989015532		0.01		-0.1098446774

		1.1		5.0468230933		0.21		-0.7294138413

		1.2		5.6282120886		0.41		0.5566148502

		1.3		6.2618725433		0.61		1.0850369563

		1.4		5.6666729789		0.81		-0.1646012606

		1.5		6.6755836466		1.01		0.6688946996

		1.6		5.9103359965		1.21		-0.2393917384

		1.7		6.003132959		1.41		-0.2814659865

		1.8		8.5506865601		1.61		1.2116065591

		1.9		5.6928324865		1.81		-0.6116947588

		2		8.4312214057		2.01		0.7120504506

		2.1		10.1451903265		2.21		1.3326653061

		2.2		7.4437247627		2.41		0.0181430551

		2.3		6.9429198651		2.61		-0.251754841

		2.4		7.4630537032		2.81		-0.1199097142

		2.5		3.0701402668		3.01		-1.6378271539

		2.6		11.8286060595		3.21		1.1304068721

		2.7		6.2605639694		3.41		-0.6274005955

		2.8		8.6662425532		3.61		0.0183497377

		2.9		17.1143404481		3.81		2.1822415874

		3		9.839202612		4.01		0.2092774594

		3.1		8.8238780977		4.21		-0.0893401193

		3.2		14.0927378617		4.41		1.0641128938

		3.3		16.5136627508		4.61		1.4997099242

		3.4		22.4488144451		4.81		2.6296911528

		3.5		13.9188926485		5.01		0.7822141015

		3.6		15.4875432289		5.21		1.0148835372

		3.7		13.0898449573		5.41		0.4971986982

		3.8		4.4249477327		5.61		-1.1007223293

		3.9		12.7531380622		5.81		0.3361683412

		4		16.3829065723		6.01		0.8956583315

		4.1		8.5681590916		6.21		-0.4238069096

		4.2		16.5604851387		6.41		0.8050678844

		4.3		14.3253246776		6.61		0.4123032795

		4.4		4.3248312434		6.81		-1.0976752947

		4.5		0.9845852795		7.01		-1.5713858375

		4.6		5.8497440808		7.21		-0.8807567156

		4.7		16.4555522128		7.41		0.5473079909

		4.8		16.7467468895		7.61		0.544907607

		4.9		15.6867820083		7.81		0.3696263775

		5		13.9899730776		8.01		0.1235921445

		5.1		21.273648778		8.21		0.9833920558

		5.2		8.5031256342		8.41		-0.5822680578

		5.3		17.7222552591		8.61		0.4787752914

		5.4		6.9862341668		8.81		-0.7734126939

		5.5		15.7507363418		9.01		0.1943103598

		5.6		9.6841918873		9.21		-0.490315756

		5.7		16.3041280245		9.41		0.2023515435

		5.8		21.3634740049		9.61		0.7037954219

		5.9		13.5357278724		9.81		-0.128875854
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Beta1=0

		X		Y		Normal		Beta_0		Y_bar														SUMMARY OUTPUT

		1		2.8901553226		-0.1098446774		3		3.2259698067

		1.1		2.2705861587		-0.7294138413		3		3.2259698067														Regression Statistics

		1.2		3.5566148502		0.5566148502		3		3.2259698067														Multiple R		0.0829108382

		1.3		4.0850369563		1.0850369563		3		3.2259698067														R Square		0.0068742071

		1.4		2.8353987394		-0.1646012606		3		3.2259698067														Adjusted R Square		-0.0138159136

		1.5		3.6688946996		0.6688946996		3		3.2259698067														Standard Error		0.8741648423

		1.6		2.7606082616		-0.2393917384		3		3.2259698067														Observations		50

		1.7		2.7185340135		-0.2814659865		3		3.2259698067

		1.8		4.2116065591		1.2116065591		3		3.2259698067														ANOVA

		1.9		2.3883052412		-0.6116947588		3		3.2259698067																df		SS		MS		F		Significance F

		2		3.7120504506		0.7120504506		3		3.2259698067														Regression		1		0.253890388		0.253890388		0.3322458674		0.5670328666

		2.1		4.3326653061		1.3326653061		3		3.2259698067														Residual		48		36.6798802313		0.7641641715

		2.2		3.0181430551		0.0181430551		3		3.2259698067														Total		49		36.9337706193

		2.3		2.748245159		-0.251754841		3		3.2259698067

		2.4		2.8800902858		-0.1199097142		3		3.2259698067																Coefficients		Standard Error		t Stat		P-value		Lower 95%		Upper 95%		Lower 95.0%		Upper 95.0%

		2.5		1.3621728461		-1.6378271539		3		3.2259698067														Intercept		3.3963286637		0.3203664759		10.6013859727		0		2.7521890695		4.0404682579		2.7521890695		4.0404682579

		2.6		4.1304068721		1.1304068721		3		3.2259698067														X		-0.0493793788		0.0856674478		-0.5764077267		0.5670328666		-0.221625226		0.1228664684		-0.221625226		0.1228664684

		2.7		2.3725994045		-0.6274005955		3		3.2259698067

		2.8		3.0183497377		0.0183497377		3		3.2259698067

		2.9		5.1822415874		2.1822415874		3		3.2259698067

		3		3.2092774594		0.2092774594		3		3.2259698067														RESIDUAL OUTPUT

		3.1		2.9106598807		-0.0893401193		3		3.2259698067

		3.2		4.0641128938		1.0641128938		3		3.2259698067														Observation		Predicted Y		Residuals		Standard Residuals

		3.3		4.4997099242		1.4997099242		3		3.2259698067														1		3.3469492849		-0.4567939622		-0.5279641579

		3.4		5.6296911528		2.6296911528		3		3.2259698067														2		3.342011347		-1.0714251883		-1.2383572116

		3.5		3.7822141015		0.7822141015		3		3.2259698067														3		3.3370734091		0.2195414411		0.253746813

		3.6		4.0148835372		1.0148835372		3		3.2259698067														4		3.3321354712		0.7529014851		0.8702063325

		3.7		3.4971986982		0.4971986982		3		3.2259698067														5		3.3271975333		-0.4917987939		-0.5684228724

		3.8		1.8992776707		-1.1007223293		3		3.2259698067														6		3.3222595954		0.3466351042		0.4006421407

		3.9		3.3361683412		0.3361683412		3		3.2259698067														7		3.3173216575		-0.556713396		-0.6434514105

		4		3.8956583315		0.8956583315		3		3.2259698067														8		3.3123837197		-0.5938497062		-0.6863736958

		4.1		2.5761930904		-0.4238069096		3		3.2259698067														9		3.3074457818		0.9041607773		1.0450323842

		4.2		3.8050678844		0.8050678844		3		3.2259698067														10		3.3025078439		-0.9142026027		-1.0566387633

		4.3		3.4123032795		0.4123032795		3		3.2259698067														11		3.297569906		0.4144805446		0.4790581527

		4.4		1.9023247053		-1.0976752947		3		3.2259698067														12		3.2926319681		1.040033338		1.2020743944

		4.5		1.4286141625		-1.5713858375		3		3.2259698067														13		3.2876940302		-0.2695509752		-0.3115480182

		4.6		2.1192432844		-0.8807567156		3		3.2259698067														14		3.2827560924		-0.5345109333		-0.6177897218

		4.7		3.5473079909		0.5473079909		3		3.2259698067														15		3.2778181545		-0.3977278686		-0.4596953476

		4.8		3.544907607		0.544907607		3		3.2259698067														16		3.2728802166		-1.9107073705		-2.2084026746

		4.9		3.3696263775		0.3696263775		3		3.2259698067														17		3.2679422787		0.8624645934		0.99683978

		5		3.1235921445		0.1235921445		3		3.2259698067														18		3.2630043408		-0.8904049363		-1.0291333321

		5.1		3.9833920558		0.9833920558		3		3.2259698067														19		3.2580664029		-0.2397166652		-0.2770654119

		5.2		2.4177319422		-0.5822680578		3		3.2259698067														20		3.2531284651		1.9291131224		2.2296761109

		5.3		3.4787752914		0.4787752914		3		3.2259698067														21		3.2481905272		-0.0389130678		-0.0449758683

		5.4		2.2265873061		-0.7734126939		3		3.2259698067														22		3.2432525893		-0.3325927086		-0.3844118877

		5.5		3.1943103598		0.1943103598		3		3.2259698067														23		3.2383146514		0.8257982424		0.9544606753

		5.6		2.509684244		-0.490315756		3		3.2259698067														24		3.2333767135		1.2663332107		1.4636326277

		5.7		3.2023515435		0.2023515435		3		3.2259698067														25		3.2284387756		2.4012523772		2.775376415

		5.8		3.7037954219		0.7037954219		3		3.2259698067														26		3.2235008378		0.5587132637		0.6457628651

		5.9		2.871124146		-0.128875854		3		3.2259698067														27		3.2185628999		0.7963206373		0.9203903499

																								28		3.213624962		0.2835737362		0.3277555774

																								29		3.2086870241		-1.3094093534		-1.5134201934

																								30		3.2037490862		0.1324192549		0.1530506666

																								31		3.1988111483		0.6968471832		0.8054185622

																								32		3.1938732105		-0.61768012		-0.7139169766

																								33		3.1889352726		0.6161326118		0.7121283608

																								34		3.1839973347		0.2283059448		0.2638768589

																								35		3.1790593968		-1.2767346915		-1.4756546978

																								36		3.1741214589		-1.7455072964		-2.0174638154

																								37		3.169183521		-1.0499402366		-1.2135248246

																								38		3.1642455832		0.3830624078		0.4427449535

																								39		3.1593076453		0.3855999618		0.4456778678

																								40		3.1543697074		0.2152566701		0.2487944587

																								41		3.1494317695		-0.025839625		-0.0298655345

																								42		3.1444938316		0.8388982242		0.9696016829

																								43		3.1395558937		-0.7218239515		-0.8342868038

																								44		3.1346179559		0.3441573355		0.3977783265

																								45		3.129680018		-0.9030927119		-1.0437979102

																								46		3.1247420801		0.0695682797		0.080407276

																								47		3.1198041422		-0.6101198982		-0.7051788441

																								48		3.1148662043		0.0874853392		0.1011158799

																								49		3.1099282664		0.5938671555		0.6863938638

																								50		3.1049903286		-0.2338661826		-0.2703034023
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More Variablility-12.5
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Quadratic Relationship
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Non-constant variance

		X		Y		Normal						SUMMARY OUTPUT

		1		4.7065242496		-0.2934757504

		1.1		8.0302620194		2.8302620194						Regression Statistics

		1.2		3.2632695274		-2.1367304726						Multiple R		0.7721893343

		1.3		3.1294449541		-2.4705550459						R Square		0.5962763679

		1.4		2.8897879393		-2.9102120607						Adjusted R Square		0.5878654589

		1.5		6.9345549188		0.9345549188						Standard Error		2.0752405053

		1.6		4.9422615959		-1.2577384041						Observations		50

		1.7		6.198817953		-0.201182047

		1.8		6.0351328496		-0.5648671504						ANOVA

		1.9		6.4132373781		-0.3867626219								df		SS		MS		F		Significance F

		2		8.9361923478		1.9361923478						Regression		1		305.3103549931		305.3103549931		70.8932135472		0.0000000001

		2.1		10.7297744034		3.5297744034						Residual		48		206.7179114388		4.306623155

		2.2		9.7130833142		2.3130833142						Total		49		512.0282664319

		2.3		10.4798058338		2.8798058338

		2.4		9.5714028218		1.7714028218								Coefficients		Standard Error		t Stat		P-value		Lower 95%		Upper 95%		Lower 95.0%		Upper 95.0%		Lower 95.0%		Upper 95.0%

		2.5		8.0318550519		0.0318550519						Intercept		3.7385263213		0.760540181		4.9156197331		0.0000107393		2.2093586948		5.2676939478		2.2093586948		5.2676939478		-44960.872367779		59756.8485494964

		2.6		4.7791685099		-3.4208314901						X		1.7123528459		0.2033718917		8.4198107786		0.0000000001		1.3034464913		2.1212592005		1.3034464913		2.1212592005		-19041.0206721163		8960.9725585727

		2.7		9.5264601198		1.1264601198

		2.8		8.3122595232		-0.2877404768

		2.9		7.3610002113		-1.4389997887

		3		7.3320776664		-1.6679223336						RESIDUAL OUTPUT

		3.1		14.6199481383		5.4199481383

		3.2		8.9354619386		-0.4645380614						Observation		Predicted Y		Residuals

		3.3		11.1301502572		1.5301502572						1		5.4508791672		-0.7443549176

		3.4		10.1173499863		0.3173499863						2		5.6221144518		2.4081475676

		3.5		9.8199991751		-0.1800008249						3		5.7933497364		-2.5300802089

		3.6		8.3465516612		-1.8534483388						4		5.964585021		-2.8351400668

		3.7		8.4385364324		-1.9614635676						5		6.1358203056		-3.2460323662

		3.8		12.6693478291		2.0693478291						6		6.3070555901		0.6274993286

		3.9		6.0328580548		-4.7671419452						7		6.4782908747		-1.5360292788

		4		12.6081303329		1.6081303329						8		6.6495261593		-0.4507082063

		4.1		12.2811563698		1.0811563698						9		6.8207614439		-0.7856285943

		4.2		10.7254095898		-0.6745904102						10		6.9919967285		-0.5787593504

		4.3		14.5653601814		2.9653601814						11		7.1632320131		1.7729603347

		4.4		12.2247540346		0.4247540346						12		7.3344672977		3.3953071057

		4.5		8.6413888615		-3.3586111385						13		7.5057025823		2.2073807319

		4.6		9.1397758832		-3.0602241168						14		7.6769378669		2.8028679669

		4.7		11.2162308		-1.1837692						15		7.8481731515		1.7232296703

		4.8		13.1326382961		0.5326382961						16		8.019408436		0.0124466159

		4.9		12.0911507434		-0.7088492566						17		8.1906437206		-3.4114752107

		5		13.4841967893		0.4841967893						18		8.3618790052		1.1645811146

		5.1		12.2489841366		-0.9510158634						19		8.5331142898		-0.2208547666

		5.2		11.0545732352		-2.3454267648						20		8.7043495744		-1.3433493631

		5.3		12.4960389601		-1.1039610399						21		8.875584859		-1.5435071926

		5.4		14.5332419045		0.7332419045						22		9.0468201436		5.5731279947

		5.5		10.4810194797		-3.5189805203						23		9.2180554282		-0.2825934895

		5.6		12.2101929395		-1.9898070605						24		9.3892907128		1.7408595444

		5.7		13.1624360074		-1.2375639926						25		9.5605259973		0.5568239889

		5.8		12.132560883		-2.467439117						26		9.7317612819		0.0882378932

		5.9		16.451365892		1.651365892						27		9.9029965665		-1.5564449053

												28		10.0742318511		-1.6356954187

												29		10.2454671357		2.4238806934

												30		10.4167024203		-4.3838443655

												31		10.5879377049		2.020192628

												32		10.7591729895		1.5219833803

												33		10.9304082741		-0.2049986843

												34		11.1016435587		3.4637166228

												35		11.2728788432		0.9518751914

												36		11.4441141278		-2.8027252664

												37		11.6153494124		-2.4755735292

												38		11.786584697		-0.570353897

												39		11.9578199816		1.1748183145

												40		12.1290552662		-0.0379045228

												41		12.3002905508		1.1839062386

												42		12.4715258354		-0.2225416988

												43		12.64276112		-1.5881878848

												44		12.8139964045		-0.3179574445

												45		12.9852316891		1.5480102154

												46		13.1564669737		-2.675447494

												47		13.3277022583		-1.1175093188

												48		13.4989375429		-0.3365015355

												49		13.6701728275		-1.5376119445

												50		13.8414081121		2.6099577799





Non-constant variance
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5.9606082616

6.5173216575

6.1185340135

6.7123837197

7.8116065591

6.9074457818

6.1883052412

7.1025078439

7.7120504506

7.297569906

8.5326653061

7.4926319681

7.4181430551

7.6876940302

7.348245159

7.8827560924

7.6800902858

8.0778181545

6.3621728461

8.2728802166

9.3304068721

8.4679422787

7.7725994045

8.6630043408

8.6183497377

8.8580664029

10.9822415874

9.0531284651

9.2092774594

9.2481905272

9.1106598807

9.4432525893

10.4641128938

9.6383146514

11.0997099242

9.8333767135

12.4296911528

10.0284387756

10.7822141015

10.2235008378

11.2148835372

10.4185628999

10.8971986982

10.613624962

9.4992776707

10.8086870241

11.1361683412

11.0037490862

11.8956583315

11.1988111483

10.7761930904

11.3938732105

12.2050678844

11.5889352726

12.0123032795

11.7839973347

10.7023247053

11.9790593968

10.4286141625

12.1741214589

11.3192432844

12.369183521

12.9473079909

12.5642455832

13.144907607

12.7593076453

13.1696263775

12.9543697074

13.1235921445

13.1494317695

14.1833920558

13.3444938316

12.8177319422

13.5395558937

14.0787752914

13.7346179559

13.0265873061

13.929680018

14.1943103598

14.1247420801

13.709684244

14.3198041422

14.6023515435

14.5148662043

15.3037954219

14.7099282664

14.671124146

14.9049903286
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More Variability

Y

Predicted Y

X

Y



		X		Y		Normal						SUMMARY OUTPUT

		1		4.8901553226		-0.1098446774

		1.1		4.4705861587		-0.7294138413						Regression Statistics

		1.2		5.9566148502		0.5566148502						Multiple R		0.9566937771

		1.3		6.6850369563		1.0850369563						R Square		0.9152629832

		1.4		5.6353987394		-0.1646012606						Adjusted R Square		0.9134976287

		1.5		6.6688946996		0.6688946996						Standard Error		0.8741648423

		1.6		5.9606082616		-0.2393917384						Observations		50

		1.7		6.1185340135		-0.2814659865

		1.8		7.8116065591		1.2116065591						ANOVA

		1.9		6.1883052412		-0.6116947588								df		SS		MS		F		Significance F

		2		7.7120504506		0.7120504506						Regression		1		396.1873791036		396.1873791036		518.4584594346		2.24512311555661E-27

		2.1		8.5326653061		1.3326653061						Residual		48		36.6798802313		0.7641641715

		2.2		7.4181430551		0.0181430551						Total		49		432.8672593349

		2.3		7.348245159		-0.251754841

		2.4		7.6800902858		-0.1199097142								Coefficients		Standard Error		t Stat		P-value		Lower 95%		Upper 95%		Lower 95.0%		Upper 95.0%		Lower 95.0%		Upper 95.0%

		2.5		6.3621728461		-1.6378271539						Intercept		3.3963286637		0.3203664759		10.6013859727		0		2.7521890695		4.0404682579		2.7521890695		4.0404682579		-44960.872367779		59756.8485494964

		2.6		9.3304068721		1.1304068721						X		1.9506206212		0.0856674478		22.7696829015		2.24512311555649E-27		1.778374774		2.1228664684		1.778374774		2.1228664684		-19041.0206721163		8960.9725585727

		2.7		7.7725994045		-0.6274005955

		2.8		8.6183497377		0.0183497377

		2.9		10.9822415874		2.1822415874

		3		9.2092774594		0.2092774594						RESIDUAL OUTPUT

		3.1		9.1106598807		-0.0893401193

		3.2		10.4641128938		1.0641128938						Observation		Predicted Y		Residuals		Standard Residuals

		3.3		11.0997099242		1.4997099242						1		5.3469492849		-0.4567939622		-0.5279641579

		3.4		12.4296911528		2.6296911528						2		5.542011347		-1.0714251883		-1.2383572116

		3.5		10.7822141015		0.7822141015						3		5.7370734091		0.2195414411		0.253746813

		3.6		11.2148835372		1.0148835372						4		5.9321354712		0.7529014851		0.8702063325

		3.7		10.8971986982		0.4971986982						5		6.1271975333		-0.4917987939		-0.5684228724

		3.8		9.4992776707		-1.1007223293						6		6.3222595954		0.3466351042		0.4006421407

		3.9		11.1361683412		0.3361683412						7		6.5173216575		-0.556713396		-0.6434514105

		4		11.8956583315		0.8956583315						8		6.7123837197		-0.5938497062		-0.6863736958

		4.1		10.7761930904		-0.4238069096						9		6.9074457818		0.9041607773		1.0450323842

		4.2		12.2050678844		0.8050678844						10		7.1025078439		-0.9142026027		-1.0566387633

		4.3		12.0123032795		0.4123032795						11		7.297569906		0.4144805446		0.4790581527

		4.4		10.7023247053		-1.0976752947						12		7.4926319681		1.040033338		1.2020743944

		4.5		10.4286141625		-1.5713858375						13		7.6876940302		-0.2695509752		-0.3115480182

		4.6		11.3192432844		-0.8807567156						14		7.8827560924		-0.5345109333		-0.6177897218

		4.7		12.9473079909		0.5473079909						15		8.0778181545		-0.3977278686		-0.4596953476

		4.8		13.144907607		0.544907607						16		8.2728802166		-1.9107073705		-2.2084026746

		4.9		13.1696263775		0.3696263775						17		8.4679422787		0.8624645934		0.99683978

		5		13.1235921445		0.1235921445						18		8.6630043408		-0.8904049363		-1.0291333321

		5.1		14.1833920558		0.9833920558						19		8.8580664029		-0.2397166652		-0.2770654119

		5.2		12.8177319422		-0.5822680578						20		9.0531284651		1.9291131224		2.2296761109

		5.3		14.0787752914		0.4787752914						21		9.2481905272		-0.0389130678		-0.0449758683

		5.4		13.0265873061		-0.7734126939						22		9.4432525893		-0.3325927086		-0.3844118877

		5.5		14.1943103598		0.1943103598						23		9.6383146514		0.8257982424		0.9544606753

		5.6		13.709684244		-0.490315756						24		9.8333767135		1.2663332107		1.4636326277

		5.7		14.6023515435		0.2023515435						25		10.0284387756		2.4012523772		2.775376415

		5.8		15.3037954219		0.7037954219						26		10.2235008378		0.5587132637		0.6457628651

		5.9		14.671124146		-0.128875854						27		10.4185628999		0.7963206373		0.9203903499

												28		10.613624962		0.2835737362		0.3277555774

												29		10.8086870241		-1.3094093534		-1.5134201934

												30		11.0037490862		0.1324192549		0.1530506666

												31		11.1988111483		0.6968471832		0.8054185622

												32		11.3938732105		-0.61768012		-0.7139169766

												33		11.5889352726		0.6161326118		0.7121283608

												34		11.7839973347		0.2283059448		0.2638768589

												35		11.9790593968		-1.2767346915		-1.4756546978

												36		12.1741214589		-1.7455072964		-2.0174638154

												37		12.369183521		-1.0499402366		-1.2135248246

												38		12.5642455832		0.3830624078		0.4427449535

												39		12.7593076453		0.3855999618		0.4456778678

												40		12.9543697074		0.2152566701		0.2487944587

												41		13.1494317695		-0.025839625		-0.0298655345

												42		13.3444938316		0.8388982242		0.9696016829

												43		13.5395558937		-0.7218239515		-0.8342868038

												44		13.7346179559		0.3441573355		0.3977783265

												45		13.929680018		-0.9030927119		-1.0437979102

												46		14.1247420801		0.0695682797		0.080407276

												47		14.3198041422		-0.6101198982		-0.7051788441

												48		14.5148662043		0.0874853392		0.1011158799

												49		14.7099282664		0.5938671555		0.6863938638

												50		14.9049903286		-0.2338661826		-0.2703034023
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Y

Predicted Y

X

Y



		X				Y		Normal				SUMMARY OUTPUT

		-3		9		8.8901553226		-0.1098446774

		-2.9		8.41		7.6805861587		-0.7294138413				Regression Statistics

		-2.8		7.84		8.3966148502		0.5566148502				Multiple R		0.9572367402

		-2.7		7.29		8.3750369563		1.0850369563				R Square		0.9163021769

		-2.6		6.76		6.5953987394		-0.1646012606				Adjusted R Square		0.913416045

		-2.5		6.25		6.9188946996		0.6688946996				Standard Error		0.8183345562

		-2.4		5.76		5.5206082616		-0.2393917384				Observations		61

		-2.3		5.29		5.0085340135		-0.2814659865

		-2.2		4.84		6.0516065591		1.2116065591				ANOVA

		-2.1		4.41		3.7983052412		-0.6116947588						df		SS		MS		F		Significance F

		-2		4		4.7120504506		0.7120504506				Regression		2		425.2206340252		212.6103170126		317.484519184		5.73734171292543E-32

		-1.9		3.61		4.9426653061		1.3326653061				Residual		58		38.8409438622		0.6696714459

		-1.8		3.24		3.2581430551		0.0181430551				Total		60		464.0615778873

		-1.7		2.89		2.638245159		-0.251754841

		-1.6		2.56		2.4400902858		-0.1199097142						Coefficients		Standard Error		t Stat		P-value		Lower 95%		Upper 95%		Lower 95.0%		Upper 95.0%

		-1.5		2.25		0.6121728461		-1.6378271539				Intercept		0.3001632511		0.1572007368		1.9094264906		0.0611576335		-0.0145079764		0.6148344786		-0.0145079764		0.6148344786

		-1.4		1.96		3.0904068721		1.1304068721				X		-0.0906378247		0.059509339		-1.5230857242		0.1331713898		-0.2097586197		0.0284829704		-0.2097586197		0.0284829704

		-1.3		1.69		1.0625994045		-0.6274005955						0.9508586759		0.0378037146		25.1525197196		6.88150386849593E-33		0.8751863762		1.0265309755		0.8751863762		1.0265309755

		-1.2		1.44		1.4583497377		0.0183497377

		-1.1		1.21		3.3922415874		2.1822415874

		-1		1		1.2092774594		0.2092774594

		-0.9		0.81		0.7206598807		-0.0893401193				RESIDUAL OUTPUT

		-0.8		0.64		1.7041128938		1.0641128938

		-0.7		0.49		1.9897099242		1.4997099242				Observation		Predicted Y		Residuals

		-0.6		0.36		2.9896911528		2.6296911528				1		9.1298048078		-0.2396494852

		-0.5		0.25		1.0322141015		0.7822141015				2		8.5597344066		-0.8791482479

		-0.4		0.16		1.1748835372		1.0148835372				3		8.0086811789		0.3879336713

		-0.3		0.09		0.5871986982		0.4971986982				4		7.4766451247		0.8983918316

		-0.2		0.04		-1.0607223293		-1.1007223293				5		6.9636262441		-0.3682275047

		-0.1		0.01		0.3461683412		0.3361683412				6		6.4696245369		0.4492701627

		0		2.33037523270856E-30		0.8956583315		0.8956583315				7		5.9946400033		-0.4740317417

		0.1		0.01		-0.4138069096		-0.4238069096				8		5.5386726431		-0.5301386297

		0.2		0.04		0.8450678844		0.8050678844				9		5.1017224565		0.9498841025

		0.3		0.09		0.5023032795		0.4123032795				10		4.6837894435		-0.8854842023

		0.4		0.16		-0.9376752947		-1.0976752947				11		4.2848736039		0.4271768467

		0.5		0.25		-1.3213858375		-1.5713858375				12		3.9049749378		1.0376903683

		0.6		0.36		-0.5207567156		-0.8807567156				13		3.5440934453		-0.2859503903

		0.7		0.49		1.0373079909		0.5473079909				14		3.2022291263		-0.5639839673

		0.8		0.64		1.184907607		0.544907607				15		2.8793819808		-0.439291695

		0.9		0.81		1.1796263775		0.3696263775				16		2.5755520088		-1.9633791627

		1		1		1.1235921445		0.1235921445				17		2.2907392104		0.7996676618

		1.1		1.21		2.1933920558		0.9833920558				18		2.0249435854		-0.9623441809

		1.2		1.44		0.8577319422		-0.5822680578				19		1.778165134		-0.3198153962

		1.3		1.69		2.1687752914		0.4787752914				20		1.5504038561		1.8418377314

		1.4		1.96		1.1865873061		-0.7734126939				21		1.3416597517		-0.1323822923

		1.5		2.25		2.4443103598		0.1943103598				22		1.1519328208		-0.4312729401

		1.6		2.56		2.069684244		-0.490315756				23		0.9812230634		0.7228898304

		1.7		2.89		3.0923515435		0.2023515435				24		0.8295304796		1.1601794447

		1.8		3.24		3.9437954219		0.7037954219				25		0.6968550693		2.2928360836

		1.9		3.61		3.481124146		-0.128875854				26		0.5831968324		0.449017269

		2		4		3.9021747499		-0.0978252501				27		0.4885557691		0.6863277681

		2.1		4.41		5.3534206731		0.9434206731				28		0.4129318794		0.1742668188

		2.2		4.84		4.1277565091		-0.7122434909				29		0.3563251631		-1.4170474924

		2.3		5.29		4.4664816514		-0.8235183486				30		0.3187356204		0.0274327208

		2.4		5.76		4.7899293131		-0.9700706869				31		0.3001632511		0.5954950804

		2.5		6.25		6.5615183063		0.3115183063				32		0.3006080554		-0.714414965

		2.6		6.76		6.3407538653		-0.4192461347				33		0.3200700332		0.5249978511

		2.7		7.29		7.2229393177		-0.0670606823				34		0.3585491846		0.143754095

		2.8		7.84		7.6517109499		-0.1882890501				35		0.4160455094		-1.3537208041

		2.9		8.41		8.281079126		-0.128920874				36		0.4925590078		-1.8139448452

		3		9		8.871079126		-0.128920874				37		0.5880896796		-1.1088463952

												38		0.702637525		0.3346704659

												39		0.8362025439		0.3487050631

												40		0.9887847364		0.1908416411

												41		1.1603841023		-0.0367919578

												42		1.3510006418		0.842391414

												43		1.5606343548		-0.7029024125

												44		1.7892852413		0.3794900502

												45		2.0369533013		-0.8503659952

												46		2.3036385348		0.140671825

												47		2.5893409418		-0.5196566978

												48		2.8940605224		0.1982910211

												49		3.2177972765		0.7259981455

												50		3.5605512041		-0.0794270581

												51		3.9223223052		-0.0201475553

												52		4.3031105798		1.0503100933

												53		4.702916028		-0.5751595188

												54		5.1217386496		-0.6552569983

												55		5.5595784448		-0.7696491317

												56		6.0164354135		0.5450828927

												57		6.4923095557		-0.1515556904

												58		6.9872008715		0.2357384462

												59		7.5011093607		0.1506015891

												60		8.0340350235		0.2470441025

												61		8.5859778598		0.2851012662
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		X		Y				Normal

		1		4.9989015532		0.01		-0.1098446774

		1.1		5.0468230933		0.21		-0.7294138413

		1.2		5.6282120886		0.41		0.5566148502

		1.3		6.2618725433		0.61		1.0850369563

		1.4		5.6666729789		0.81		-0.1646012606

		1.5		6.6755836466		1.01		0.6688946996

		1.6		5.9103359965		1.21		-0.2393917384

		1.7		6.003132959		1.41		-0.2814659865

		1.8		8.5506865601		1.61		1.2116065591

		1.9		5.6928324865		1.81		-0.6116947588

		2		8.4312214057		2.01		0.7120504506

		2.1		10.1451903265		2.21		1.3326653061

		2.2		7.4437247627		2.41		0.0181430551

		2.3		6.9429198651		2.61		-0.251754841

		2.4		7.4630537032		2.81		-0.1199097142

		2.5		3.0701402668		3.01		-1.6378271539

		2.6		11.8286060595		3.21		1.1304068721

		2.7		6.2605639694		3.41		-0.6274005955

		2.8		8.6662425532		3.61		0.0183497377

		2.9		17.1143404481		3.81		2.1822415874

		3		9.839202612		4.01		0.2092774594

		3.1		8.8238780977		4.21		-0.0893401193

		3.2		14.0927378617		4.41		1.0641128938

		3.3		16.5136627508		4.61		1.4997099242

		3.4		22.4488144451		4.81		2.6296911528

		3.5		13.9188926485		5.01		0.7822141015

		3.6		15.4875432289		5.21		1.0148835372

		3.7		13.0898449573		5.41		0.4971986982

		3.8		4.4249477327		5.61		-1.1007223293

		3.9		12.7531380622		5.81		0.3361683412

		4		16.3829065723		6.01		0.8956583315

		4.1		8.5681590916		6.21		-0.4238069096

		4.2		16.5604851387		6.41		0.8050678844

		4.3		14.3253246776		6.61		0.4123032795

		4.4		4.3248312434		6.81		-1.0976752947

		4.5		0.9845852795		7.01		-1.5713858375

		4.6		5.8497440808		7.21		-0.8807567156

		4.7		16.4555522128		7.41		0.5473079909

		4.8		16.7467468895		7.61		0.544907607

		4.9		15.6867820083		7.81		0.3696263775

		5		13.9899730776		8.01		0.1235921445

		5.1		21.273648778		8.21		0.9833920558

		5.2		8.5031256342		8.41		-0.5822680578

		5.3		17.7222552591		8.61		0.4787752914

		5.4		6.9862341668		8.81		-0.7734126939

		5.5		15.7507363418		9.01		0.1943103598

		5.6		9.6841918873		9.21		-0.490315756

		5.7		16.3041280245		9.41		0.2023515435

		5.8		21.3634740049		9.61		0.7037954219

		5.9		13.5357278724		9.81		-0.128875854
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