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2.7 Analysis of Variance Approach to Regression Analysis

Partitioning the total sum of squares:

Suppose we did not have knowledge of the independent variable X, but still wanted to predict the dependent variable Y.  

A measure of "how good" 
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does is ((actual Y - predicted Y)2 = 
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 = SSTO = total sum of squares.  

Measure of the “total” variability of the Yi’s   

Suppose we use again the knowledge of X to predict Y.  We would then use 
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 to predict Y

A measure of "how good" 
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 does is ((actual Y - predicted Y)2 = ((Yi-
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The amount “gained” by doing the regression is 

SSTO – SSE 
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= SSR = regression sum of squares.  

Example: College and HS GPA
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Note: 

1) SSTO = SSE + SSR

2) SSTO has n-1 degrees of freedom (1 is lost through the estimation of ( by 
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).  

3) SSR has 1 degree of freedom from SSTO df – SSE df = SSR df

Note: SSR’s degrees of freedom corresponds to the number of independent variables in the model. 

4) “Mean squares” are formed from dividing the sum of squares by their corresponding degrees of freedom.  

a. MSE = SSE/(n-2)

b. MSR = regression mean square = SSR/1 = SSR

5) Analysis of variance (ANOVA) table

	Source of variation
	df
	SS
	MS
	F

	Regression
	1
	SSR
	MSR
	F*=MSR/MSE

	Error
	n-2
	SSE
	MSE
	

	Total
	n-1
	SSTO
	
	


Note that F* has an F-distribution with 1 degree of freedom for the numerator and n-2 degrees of freedom for the denominator.  See p. 76-7 of NKNW for a proof.

F-distribution review:  

Equation (Do not need to know)

If z (random variable) has an F-distribution with a d.f. in the numerator and b d.f. in the denominator, then


[image: image9.wmf]a/2

(a2)/2

(ab)/2

((ab)/2)az

f(z)

(a/2)(b/2)b

[1(a/b)z]

-

+

G+

æö

=

ç÷

GG

+

èø

 for 0<z<( and ((C)=(C-1)! if C is an integer; more generally, ((C)=
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The percentiles (and critical values for hypothesis tests) to be found for the F-distribution are written as: F(1-(, num. df, den d.f.). This value comes from 

P(Z < F(1-(, num. df, den d.f.))=1-(.
In other words, F(1-(, num. df, den d.f.) is the value that gives an area to the left of it of 1-( for a F-distribution with the specified degrees of freedom (( is the area in the right tail for the distribution). 

Graph Example 

If a=5 and b=20, then

	Numerator degrees of freedom
	5

	Denominator degrees of freedom
	20

	F(0.9, 5, 20)
	2.16

	F(0.95, 5, 20)
	2.71

	F(0.99, 5, 20)
	4.10

	F(0.999, 5, 20)
	6.46



[image: image11.wmf]F Distribution

0

0.2

0.4

0.6

0.8

0

1

2

3

4

5

6

7

z

f(z)


SAS code to find the percentiles (see F_distribution.sas):

*Find the percentile values;
data set1;

  input alpha num_df den_df;

  f_crit = finv(1-alpha, num_df, den_df);

  datalines;

    0.10 5 20


0.05 5 20


0.01 5 20


0.001 5 20


;

run;

title2 'Example percentiles from an F-dist.’;

proc print data=set1;
run;
The percentiles may also be found from using Table B.4 on p.689-695.  

Excerpt from p. 692:

	
	Numerator df

	Den.
df
	A
	1
	…
	5
	…

	20
	0.50
	0.472
	
	0.900
	

	
	0.90
	2.97
	
	2.16
	

	
	0.95
	4.35
	
	2.71
	

	
	0.975
	5.87
	
	3.29
	

	
	0.99
	8.10
	
	4.10
	

	
	0.995
	9.94
	
	4.76
	

	
	0.999
	14.8
	
	6.46
	


F Test of (1=0 vs. (1(0:

1) 
Ho: (1=0

Ha: (1(0

2) Test statistic: 
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)2 and E(MSE)=(2 (proof is beyond the scope of this course)

When (1(0, then MSR generally will be larger than MSE.  Thus, F>1.  When (1=0, then generally MSR will be close to MSE.  Thus, F(1.  

Large values of F greater than 1 cause rejection of the null hypothesis.  

3) Critical value: F(1-(, 1, n-2)

4)  Reject or don’t reject Ho
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5)  Conclusion

Reject H​o – X is linearly related to Y

Don’t Reject Ho – There is not sufficient evidence to show that X is linearly related to Y

Note: ___ means to put in the above statements the variable name in the problem.

Using a p-value: 

1) Same

2) P-value = P(F > F*) where F is a random variable with an F distribution that has 1 degree of freedom in the numerator and n-2 degrees of freedom in the denominator.  

Typically, p-values are given in PROC REG output.  There may be times that you need a p-value that is not from the output.  Below is SAS code (F_distribution.sas) to find the p-values:

*Find the p-values;            

data set2;

  input f_star num_df den_df;

  p_value = 1-probf(f_star, num_df, den_df);

  datalines;

    2.15823 5 20


;

run;

This code finds a p-value of 0.10.  

3) State (
4) Reject Ho if p-value ( (; Don’t reject Ho if p-value > (.
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5) Same

Example: College and HS GPA

                          The REG Procedure

                            Model: MODEL1

                        Dependent Variable: Y

                         Analysis of Variance

                                 Sum of         Mean

 Source                 DF      Squares       Square  F Value  Pr > F

 Model                   1      8.06153      8.06153    91.38  <.0001

 Error                  18      1.58797      0.08822

 Corrected Total        19      9.64950

         Root MSE              0.29702    R-Square     0.8354

         Dependent Mean        2.50500    Adj R-Sq     0.8263

         Coeff Var            11.85705

                         Parameter Estimates

                      Parameter       Standard

 Variable     DF       Estimate          Error    t Value    Pr > |t|

 Intercept     1        0.70758        0.19941       3.55      0.0023

 X             1        0.69966        0.07319       9.56      <.0001

Use (=0.01 for the hypothesis test. 

1)
Ho: (1=0

Ha: (1(0

2) 
[image: image17.wmf]MSR
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3) F(1-(, 1, n-2) = F(0.99, 1, 18) = 8.29

4) Since 91.38>8.29, reject Ho.

5) HS GPA is linearly related to college GPA.

Note that the p-value is <.0001.  

Note that the F test and the t test (p. 2.5) for (1=0 are equivalent; i.e. (t*)2=F* and [t(1-(/2,n-2)]2=[F(1-(,1,n-2)].  In Chapter 6 this will no longer be true because the F test tests (1=…=(p=0 and the t test tests (i=0.

2.8 General linear test appraoch 

Skip for now 

2.9 Descriptive measures of association between X and Y in the regression model

SSTO = SSE + SSR

SSTO measures the “total” variability of the Yi’s

SSE measures the remaining variation in the Yi’s after the regression has been done.

SSR is the variability in Y “explained” by doing the regression

The percent reduction in the total variability is:
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r2 is called the coefficient of determination.  

Measurement of how much we improved in estimating Y by using X (and thus 
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) instead of using only 
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Notes:

1) 0 ( r2 ( 1

2) 100*r2% of the variation in Y can be “explained” by using X to predict Y; i.e., The error in predicting Y can be reduced by 100*r2% when the regression model is used instead of just 
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3) r2 is a measure of "fit" for the regression line
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Good Fit

4) r is the coefficient of correlation (see p.82 of NKNW).  The square of this is the coefficient of determination in simple linear regression.  

Example: Sales and Advertising

 SSTO=6 and SSE=1.1


[image: image22.wmf]2

SST0SSE61.1

r0.8167

SSTO6

--

===


· 81.67% of the variation in sales can be explained by using advertising to predict sales.  

· 81.67% of variation in sales is due to advertising
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Example: College and HS GPA

                            Model: MODEL1

                        Dependent Variable: Y

                         Analysis of Variance

                                 Sum of         Mean

 Source                 DF      Squares       Square  F Value  Pr > F

 Model                   1      8.06153      8.06153    91.38  <.0001

 Error                  18      1.58797      0.08822

 Corrected Total        19      9.64950

         Root MSE              0.29702    R-Square     0.8354
         Dependent Mean        2.50500    Adj R-Sq     0.8263

         Coeff Var            11.85705

· 83.54% of the variation in College GPA can be explained by using HS GPA to predict college GPA.  

· The model fits the data relatively well.

· See the plot on p. 2.27 which demonstrates what r2 measures.

· Look at the college GPA and Pizza example’s r2
Warning

1) Use r2 as a measure of fit when the sample size is substantially larger than the number of variables in the model; otherwise, r2 may be artificially high.

Example: Suppose the estimated model is 
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, and a random sample of size 2 is used to calculate 
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.  Then a scatter plot with the estimated regression line plotted upon it would look something like:
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and r2 = 1.  In this case the sample size is not substantially larger than the number of variables in the model causing r2 to be artificially high.

2) r2 is only measuring the linear relationship.

3) r2 is a measure of how the estimated regression line fits in the sample only.  

Read sections: 

2.10 Considerations in applying regression analysis 

and 

2.11 Case when X is random
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F-distribution plot 

Purpose:  Shows a plot of the F-distribution for user provided numerator and denominator degrees of freedom.
       
NOTE:      1) Cells with characters in red are to be changed by the user.
                2) Values from the F distribution are provided for a=0.10, 0.05, 0.01, 0.001.
                3) The x-axis is fixed to be from 0 to 20.  Thus, the whole plot may not be shown.
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F-distribution plot 

Purpose:  Shows a plot of the F-distribution for user provided numerator and denominator degrees of freedom.
       
NOTE:      1) Cells with characters in red are to be changed by the user.
                2) Values from the F distribution are provided for a=0.10, 0.05, 0.01, 0.001.
                3) The x-axis is fixed to be from 0 to 20.  Thus, the whole plot may not be shown.
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F-distribution plot 

Purpose:  Shows a plot of the F-distribution for user provided numerator and denominator degrees of freedom.
       
NOTE:      1) Cells with characters in red are to be changed by the user.
                2) Values from the F distribution are provided for a=0.10, 0.05, 0.01, 0.001.
                3) The x-axis is fixed to be from 0 to 20.  Thus, the whole plot may not be shown.
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