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9.4 Identifying influential cases – DFFITS, Cook’s distance, and DFBETAS measures

Once outlying observations are identified, it needs to be determined if they are influential to the estimated regression function.  

Influence on single fitted value – DFFITS

The influence of observation i on 
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 is measured by:
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“DF” stands DIF in FITted values.

(DFFITS)i ( the number of standard deviations by which 
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 changes when observation i is removed from the data set.  

It can shown that DFFITS can be calculated in the following manner:
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Therefore, only one regression model needs to be fit.  

Guideline for determining influential observations:

· |(DFFITS)i|>1 for “small to medium” sized data sets

· |(DFFITS)i|>
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 for large data sets

Influence on all fitted values – Cook’s Distance

Cook is a graduate of Kansas State University and is a professor at the University of Minnesota.  

Measures the influence of the ith observation on ALL n fitted values.  

Cook’s Distance is: 
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Notes: 

1. The numerator is similar to (DFFITS)i.  For Cook’s Distance, ALL of the fitted values are compared.  

2. The denominator serves as a standardizing measure.

It can shown that Cook’s Distance can be calculated in the following manner:
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Therefore, only one regression model needs to be fit.  From examining the above formula, note how Di can be large (examine ei and hii).

Guideline for determining influential observations:

· Di>F(0.50, p, n-p) 

Influence on the regression coefficients - DFBETAS

Measures the influence of the ith observation on each estimated regression coefficient, 
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Let 
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 be the estimate of (k with the ith observation removed from the data set, and 

ckk be the kth diagonal element of (X(X)-1 (remember that X is a n(p matrix)

Then
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Notes: 

1. Notice that DFBETAS is calculated for each (k and each observation.  

2. Remember that 
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 from Chapter 5 and 6.  Thus, the variance of 
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 is (2ckk.  In this case, (2 is estimated by MSE(i).  Therefore, the denominator serves as a standardizing measure.

Guideline for determining influential observations:

· |
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 for large data sets

Influence on inferences

Examine the inferences from the estimated regression model with and without the observation(s) of concerned.  

· If inferences are unchanged, remedial action is not necessary.  

· If inferences are changed, remedial action is necessary.  

Some final comments – p. 384 of NKNW

READ!  See discussion on “masking” effect.  

Example: HS and College GPA data set with extra observation (HS_GPA_ch9.sas)

proc reg data=set2;  

  model Y = X / influence;

run;
                                  Output Statistics

              Dep Var   Predicted      Std Error               Std Error    Student

      Obs           Y       Value   Mean Predict    Residual    Residual   Residual

        1      3.1000      2.6517         0.1284      0.4483       0.531      0.845

        2      2.3000      2.3041         0.1250   -0.004102       0.532    -0.0077

        3      3.0000      2.4804         0.1193      0.5196       0.533      0.975

        4      1.9000      2.1530         0.1406     -0.2530       0.528     -0.479

        5      2.5000      2.5459         0.1211     -0.0459       0.532    -0.0862

        6      3.7000      3.2965         0.2381      0.4035       0.491      0.821

        7      3.4000      2.8280         0.1500      0.5720       0.525      1.089

        8      2.6000      2.2890         0.1261      0.3110       0.531      0.585

        9      2.8000      2.4754         0.1192      0.3246       0.533      0.609

       10      1.6000      1.5384         0.2551      0.0616       0.483      0.128

       11      2.0000      2.3243         0.1236     -0.3243       0.532     -0.610

       12      2.9000      2.9590         0.1714     -0.0590       0.518     -0.114

       13      2.3000      2.0522         0.1552      0.2478       0.524      0.473

       14      3.2000      3.0496         0.1881      0.1504       0.513      0.293

       15      1.8000      1.7349         0.2137      0.0651       0.503      0.130

       16      1.4000      1.8658         0.1878     -0.4658       0.513     -0.909

       17      2.0000      2.2688         0.1278     -0.2688       0.531     -0.506

       18      3.8000      3.1353         0.2048      0.6647       0.506      1.313

       19      2.2000      2.2688         0.1278     -0.0688       0.531     -0.130

       20      1.6000      2.0673         0.1528     -0.4673       0.524     -0.891

       21      1.5000      3.3116         0.2413     -1.8116       0.490     -3.698

                                Cook's               Hat Diag        Cov

      Obs     -2-1 0 1 2             D    RStudent          H      Ratio     DFFITS

        1   |      |*     |      0.021      0.8380     0.0553     1.0925     0.2027

        2   |      |      |      0.000   -0.007511     0.0524     1.1757    -0.0018

        3   |      |*     |      0.024      0.9737     0.0477     1.0559     0.2180

        4   |      |      |      0.008     -0.4695     0.0663     1.1646    -0.1251

        5   |      |      |      0.000     -0.0839     0.0492     1.1710    -0.0191

        6   |      |*     |      0.079      0.8138     0.1901     1.2798     0.3942

        7   |      |**    |      0.048      1.0951     0.0754     1.0593     0.3128

        8   |      |*     |      0.010      0.5749     0.0533     1.1349     0.1365

        9   |      |*     |      0.009      0.5988     0.0477     1.1247     0.1340

       10   |      |      |      0.002      0.1242     0.2183     1.4229     0.0656

       11   |     *|      |      0.010     -0.5992     0.0512     1.1288    -0.1392

       12   |      |      |      0.001     -0.1107     0.0985     1.2343    -0.0366

       13   |      |      |      0.010      0.4633     0.0808     1.1837     0.1373

       14   |      |      |      0.006      0.2861     0.1186     1.2527     0.1050

       15   |      |      |      0.002      0.1262     0.1531     1.3133     0.0537

       16   |     *|      |      0.055     -0.9041     0.1183     1.1563    -0.3312

       17   |     *|      |      0.007     -0.4962     0.0548     1.1472    -0.1195

       18   |      |**    |      0.141      1.3403     0.1406     1.0719     0.5421

       19   |      |      |      0.000     -0.1263     0.0548     1.1767    -0.0304

       20   |     *|      |      0.034     -0.8864     0.0783     1.1099    -0.2584

       21   |******|      |      1.659     -6.7989     0.1952     0.1087    -3.3489

                                     -------DFBETAS-------

                               Obs   Intercept           X

                                 1     -0.0067      0.0754

                                 2     -0.0011      0.0005

                                 3      0.0645      0.0104

                                 4     -0.0986      0.0665

                                 5     -0.0032     -0.0034

                                 6     -0.2535      0.3413

                                 7     -0.0937      0.1899

                                 8      0.0860     -0.0447

                                 9      0.0410      0.0050

                                10      0.0650     -0.0580

                                11     -0.0804      0.0368

                                12      0.0161     -0.0263

                                13      0.1187     -0.0880

                                14     -0.0536      0.0812

                                15      0.0521     -0.0445

                                16     -0.3124      0.2560

                                17     -0.0786      0.0432

                                18     -0.3068      0.4409

                                19     -0.0200      0.0110

                                20     -0.2209      0.1618

                                21      2.1729     -2.9120
Notice the influence of observation #21.  For Cook’s Distance, F(0.5, 2, 21-2)=0.72.  

Example: NBA guard data (nba_ch9.sas)

See the NBA guard example of Section 9.2 for the PROC REG output for DFFITS, Cook’s Distance, and DFBETAS.  

To output the DFFITS and Cook’s distance values to a data set, use the OUTPUT statement in PROC REG shown below.  
  output out=out_set1 DFFITS=dffits cookd=cookd residual=residual 

         predicted=predicted;
To get the DFBETAS and other diagnostic measures into a data set, the Output Delivery System in SAS can be used.  The code below used in PROC REG.  
  ods output OutputStatistics=resid;
To plot the influence measures vs. the observation number, use the following PLOT statements in PROC REG.  For DFFITS, the 0.4364 value comes from 
[image: image16.wmf]2p/n
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.  For Cook’s D, the 0.8762 comes from F(0.5, 5, 105-5).  

  plot DFFITS.*obs. / nostat vref=0 cvref=red vref=-0.4364 -1 0.4364 1;

  plot COOKD.*obs. / nostat vref=0 cvref=red vref=0.87620;
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The DFFITS plot identifies some possible influential observations, but the Cook’s Distance plot does not.  To help determine exactly which observations are influential, the following PROC PRINT is used.  

title2 'Observations that have a large DFFITS values';

proc print data=out_set1;

  where DFFITS>0.4364 or DFFITS<-0.4364;

  var last_name first_initial DFFITS residual;

run;

Below is the SAS output:

 Observations that have a large DFFITS values

                                 last_     first_

                          Obs     Name     Initial     dffits     residual

                            7    Bagley      J.       -0.52819    -0.11142

                           21    Cheeks      M.       -0.92109    -0.17948

                           37    Green       S.        1.17425     0.29974

                           52    Jordan      M.        0.73096     0.29577

                           53    Kimble      B.        0.57278     0.24990

                           72    Phills      B.        0.77184     0.25289

                          104    Woods       R.        0.48728     0.13570   

Below is the SAS code and output to produce a “bubble” plot of the residual vs. predicted value where the plotting point size is proportional to DFFITS.  This can sometimes be useful to show where the large DFFITS values appear.  A similar plot also is constructed for Cook’s Distance.  See p.382 of NKNW for another example of a bubble plot. 

Note that the predicted values were put into out_set1 by PROC REG.  

*Construct a bubble plot similar to Figure 9.8;
proc gplot data=out_set1;

  bubble residual*predicted=DFFITS / vaxis=axis1 haxis=axis2 frame 

grid vref=0 cvref=red 

bcolor=blue;

  title2 "Residual vs. Predicted with Bubble proportional to DFFITS";

  axis1 label = (a=90 'Residual')

        length=12 

        order = (-0.35 to 0.35 by 0.05);

  axis2 label=('Predicted')

        length=12 ;

run;

*Construct a bubble plot similar to Figure 9.8;
proc gplot data=out_set1;

  bubble residual*predicted=cookd / vaxis=axis1 haxis=axis2 frame grid 

vref=0 cvref=red bcolor=blue;

  title2 'Residual vs. Predicted with Bubble proportional to Cook''s 

Distance';

  axis1 label = (a=90 'Residual')

        length=12 

        order = (-0.35 to 0.35 by 0.05);

  axis2 label=('Predicted')

        length=12 ;

run;
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Negative values have dotted bubbles.
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The DFBETAS are examined from the resid data set using 
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=

=0.1952 to identify influential observations.  Below are the possible influential observations.

title2 'Observations that have a large DFBETAS values';

proc print data=resid;

  where DFB_MPG>0.1952 or DFB_MPG<-0.1952 or 

        DFB_Height>0.1952 or DFB_Height<-0.1952 or

        DFB_FGP>0.1952 or DFB_FGP<-0.1952 or

        DFB_Age>0.1952 or DFB_Age<-0.1952;

   var last_name DFB_MPG DFB_Height DFB_FGP DFB_Age;

run;
          last_                       DFB_

   Obs    Name         DFB_MPG      Height     DFB_FGP     DFB_Age

     7    Bagley        0.1528     -0.3245      0.1947     -0.2378

    21    Cheeks        0.4951      0.0544     -0.5467     -0.6375

    37    Green        -0.7862      0.3984      0.7835     -0.4305

    52    Jordan        0.3756      0.3740      0.1988      0.1124

    53    Kimble       -0.4691      0.0994      0.0104      0.0394

    59    Marciuli     -0.0381      0.0944      0.1962      0.0168

    69    Paxson        0.1281      0.0557     -0.0132     -0.2321

    72    Phills       -0.5907      0.2757      0.3229     -0.2316

    73    Pierce       -0.0215      0.0661      0.1312      0.3430

    97    Walker        0.0810     -0.0056      0.2838     -0.2284

    98    Webb          0.1168     -0.3138     -0.1215      0.0882

   104    Woods        -0.1705     -0.1768     -0.2786     -0.1227
Bubble plots of the residuals vs. predicted values with the plotting point proportional to the DFBETAS could also be done.  

9.5 Multicollinearity diagnostics – variance inflation factor 

Chapter 7 discusses informal ways to detect multicollinearity and the results of multicollinearity.  This section discusses a more formal measure of multicollinearity – the variance inflation factor (VIF).  

(VIF)k=
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where
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 is the coefficient of multiple determination when Xk is regressed on the p-2 other X variables in the model.  
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 measures the relationship between Xk and the other independent variables.  

If 
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 is small (weak relationship) then (VIF)k is small.  For example, suppose 
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=0, then (VIF)k=1.  If 
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=0.5, then (VIF)k=2.  

If 
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 is large (strong relationship) then (VIF)k is large.  For example, suppose 
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=0.9, then (VIF)k=10.  If 
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=0.99, then (VIF)k=100.  

A large (VIF)k indicates the existence of multicollinearity.  

(VIF)k>10

Example: NBA guard data (nba_ch9.sas)

Find the VIFs for MPG, Height, FGP, and Age.

proc reg data=set1;  

  model PPM = MPG Height FGP Age / vif;

run;

  Dependent Variable: PPM

                         Analysis of Variance

                                 Sum of         Mean

 Source                 DF      Squares       Square  F Value  Pr > F

 Model                   4      0.42645      0.10661    10.99  <.0001

 Error                 100      0.97026      0.00970

 Corrected Total       104      1.39671

         Root MSE              0.09850    R-Square     0.3053

         Dependent Mean        0.42355    Adj R-Sq     0.2775

         Coeff Var            23.25614

                         Parameter Estimates

                      Parameter       Standard

 Variable     DF       Estimate          Error    t Value    Pr > |t|

 Intercept     1       -0.76426        0.29444      -2.60      0.0109

 MPG           1        0.00313        0.00105       2.97      0.0037

 Height        1        0.00434        0.00138       3.15      0.0022

 FGP           1        0.00952        0.00236       4.04      0.0001

 Age           1       -0.00519        0.00293      -1.77      0.0795

                         Parameter Estimates

                                          Variance

                    Variable     DF      Inflation

                    Intercept     1              0

                    MPG           1        1.15784

                    Height        1        1.01902

                    FGP           1        1.14857

                    Age           1        1.04280

Since the VIFs are close to 1, there is no evidence of multicolinearity.  

To show where the VIF for MPG comes from, the following SAS code is run.

title2 'Show how to calculate VIF for MPG';

proc reg data=set1;

  model MPG = Height FGP Age ;

run;

Analysis of Variance

                                 Sum of         Mean

 Source                 DF      Squares       Square  F Value  Pr > F

 Model                   3   1377.64445    459.21482     5.31  0.0019

 Error                 101   8727.95372     86.41538

 Corrected Total       104        10106

         Root MSE              9.29599    R-Square     0.1363

         Dependent Mean       24.30325    Adj R-Sq     0.1107

         Coeff Var            38.24997

                         Parameter Estimates

                      Parameter       Standard

 Variable     DF       Estimate          Error    t Value    Pr > |t|

 Intercept     1      -24.15904       27.68369      -0.87      0.3849

 Height        1        0.02048        0.13006       0.16      0.8752

 FGP           1        0.73071        0.21020       3.48      0.0008

 Age           1        0.42093        0.27314       1.54      0.1264

(VIF)MPG=
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Example: multicollinearity.sas – From Chapter 7 

Data is generated so that the independent variables X1 and X2 are highly correlated.  

proc reg data=set1;

  model Y = X1 X2 / VIF;

run;
                             The REG Procedure

                               Model: MODEL3

                          Dependent Variable: Y

                           Analysis of Variance

                                   Sum of          Mean

 Source                  DF       Squares        Square   F Value   Pr > F

 Model                    2        657247        328624     31.29   <.0001

 Error                   47        493624         10503

 Corrected Total         49       1150871

           Root MSE            102.48237    R-Square     0.5711

           Dependent Mean      194.92254    Adj R-Sq     0.5528

           Coeff Var            52.57594

                            Parameter Estimates

                   Parameter     Standard                        Variance

  Variable   DF     Estimate        Error  t Value  Pr > |t|    Inflation

  Intercept   1     -8.02090     29.52663    -0.27    0.7871            0

  X1          1     36.11531    174.75093     0.21    0.8372        30276

  X2          1    -28.14179    174.56011    -0.16    0.8726        30276

Since the VIFs are large, there is evidence of multicolinearity.  

9.6 Surgical unit example

Read!

Example: NBA guard data (nba_end_of_ch9.sas)

Consider the model: E(PPM) = (0 + (1MPG + (2Height + (3FGP + (4Age

1) Examine the partial regression plots for each independent variable.

a) MPG plot has a possible quadratic shape; at least linear

b) Height plot has a possible quadratic shape; at least linear

c) FGP plot has a linear shape

d) Age does not have a strong relationship

2) Keeping MPG, Height, FGP, and Age in the model, quadratic and interaction terms are examined.  Only parts of the SAS output are shown.  

In order to examine squared terms and interactions, the following data step is used.  

data set2;

  set set1;

  MPG_sq = MPG**2;

  Height_sq = Height**2;

  FGP_sq = FGP**2;

  Age_sq = Age**2;

  MPG_height = MPG*Height;

  MPG_FGP = MPG*FGP;

  MPG_age = MPG*Age;

  Height_FGP = Height*FGP;

  Height_Age = Height*age;

  FGP_Age = FGP*Age;

run;
Note that Xi-
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 is not used when creating squared terms or interactions.  This is because we are not interested in interpreting the effects of the independent variable on the dependent variable at this stage of the model building process.  

a) Examine model with all quadratic terms and use forward selection

model PPM = MPG Height FGP Age MPG_sq Height_sq FGP_sq Age_sq 

         / include=4  details slentry=0.15 selection=forward;

   Parameter     Standard

   Variable       Estimate        Error   Type II SS  F Value  Pr > F

   Intercept      -0.66743      0.26382      0.04960     6.40  0.0130

 * MPG            -0.02023      0.00466      0.14605    18.85  <.0001

 * Height          0.00443      0.00123      0.10043    12.96  0.0005

 * FGP             0.01121      0.00213      0.21428    27.65  <.0001

 * Age            -0.00387      0.00263      0.01676     2.16  0.1445

   MPG_sq       0.00049480   0.00009666      0.20306    26.20  <.0001

            * Forced into the model by the INCLUDE= option

                     Summary of Forward Selection

        Variable   Number  Partial   Model

   Step Entered    Vars In R-Square R-Square  C(p)   F Value Pr > F

     1  MPG_sq         5    0.1454   0.4507   6.5184   26.20 <.0001
b) Examine model with all quadratic terms and use backward elimination

model PPM = MPG Height FGP Age MPG_sq Height_sq FGP_sq Age_sq 

     / include=4  details slstay=0.30 selection=backward;

  Parameter     Standard

   Variable       Estimate        Error   Type II SS  F Value  Pr > F

   Intercept      -2.30754      0.90960      0.04911     6.44  0.0128

 * MPG            -0.02271      0.00484      0.16824    22.05  <.0001

 * Height          0.00452      0.00124      0.10111    13.25  0.0004

 * FGP             0.04923      0.02852      0.02274     2.98  0.0875

 * Age             0.05288      0.04290      0.01160     1.52  0.2206

   MPG_sq       0.00052462   0.00009784      0.21937    28.75  <.0001

   FGP_sq      -0.00041315   0.00031191      0.01339     1.75  0.1884

   Age_sq      -0.00099381   0.00075277      0.01330     1.74  0.1899

            * Forced into the model by the INCLUDE= option

                      Summary of Backward Elimination

        Variable   Number  Partial   Model

   Step Removed    Vars In R-Square R-Square  C(p)   F Value Pr > F

     1  Height_sq      7    0.0000   0.4701   7.0078    0.01 0.9297

c) Examine model with all interaction terms and use forward selection
model PPM = MPG Height FGP Age MPG_height MPG_FGP MPG_age Height_FGP Height_Age FGP_Age / include=4  details slentry=0.15 selection=forward;

 Parameter     Standard

   Variable       Estimate        Error   Type II SS  F Value  Pr > F

   Intercept      -0.16201      0.30457      0.00233     0.28  0.5960

 * MPG            -0.03097      0.00791      0.12621    15.33  0.0002

 * Height          0.00492      0.00128      0.12216    14.84  0.0002

 * FGP             0.00964      0.00217      0.16233    19.72  <.0001

 * Age            -0.03182      0.00670      0.18583    22.58  <.0001

   MPG_age         0.00125   0.00028783      0.15537    18.88  <.0001

            * Forced into the model by the INCLUDE= option

         Statistics for Entry

                              DF = 1,98

             

Partial         Model

    Variable         Tolerance      R-Square    F Value    Pr > F

    MPG_height        0.001391        0.4167       0.02    0.8954

    MPG_FGP           0.006982        0.4226       1.02    0.3147

    Height_FGP        0.001950        0.4229       1.07    0.3039

    Height_Age        0.000873        0.4177       0.19    0.6617

    FGP_Age           0.006299        0.4225       1.00    0.3188

 No other variable met the 0.1500 significance level for entry into

                              the model.

                     Summary of Forward Selection

        Variable   Number  Partial   Model

   Step Entered    Vars In R-Square R-Square  C(p)   F Value Pr > F

     1  MPG_age        5    0.1112   0.4166   4.9892   18.88 <.0001
d) Examine model with all interaction terms and use backward elimination
model PPM = MPG Height FGP Age MPG_height MPG_FGP MPG_age Height_FGP Height_Age FGP_Age / include=4  details slstay=0.30 selection=backward;

                 Parameter     Standard

   Variable       Estimate        Error   Type II SS  F Value  Pr > F

   Intercept       1.93166      1.99323      0.00764     0.94  0.3349

 * MPG            -0.03050      0.00801      0.11794    14.50  0.0002

 * Height         -0.01176      0.01137      0.00871     1.07  0.3034

 * FGP            -0.03630      0.04407      0.00552     0.68  0.4122

 * Age             0.00705      0.02672   0.00056609     0.07  0.7925

   MPG_age         0.00122   0.00029232      0.14214    17.48  <.0001

   Height_FGP   0.00036542   0.00024815      0.01764     2.17  0.1441

   FGP_Age     -0.00084030   0.00057932      0.01711     2.10  0.1501

            * Forced into the model by the INCLUDE= option

                   Summary of Backward Elimination

        Variable   Number  Partial   Model

   Step Removed    Vars In R-Square R-Square  C(p)   F Value Pr > F

     1  Height_Age     9    0.0000   0.4403   9.0000    0.00 0.9980

     2  MPG_height     8    0.0003   0.4400   7.0579    0.06 0.8094

     3  MPG_FGP        7    0.0049   0.4351   5.8746    0.83 0.3635
e) Since MPG2 and MPG(Age appear to be important, these terms are kept in the model.  Other terms that are possibly important are investigated using forward selection.
model PPM = MPG Height FGP Age MPG_age MPG_sq Height_FGP FGP_Age Age_sq FGP_sq Height_sq / include=6 details slentry=0.15 selection=forward;

                 Parameter     Standard

   Variable       Estimate        Error   Type II SS  F Value  Pr > F

   Intercept      -0.26542      0.28475      0.00620     0.87  0.3536

 * MPG            -0.03940      0.00766      0.18897    26.48  <.0001

 * Height          0.00482      0.00119      0.11737    16.45  0.0001

 * FGP             0.01096      0.00205      0.20428    28.63  <.0001

 * Age            -0.02277      0.00663      0.08423    11.80  0.0009

 * MPG_age      0.00087522   0.00028376      0.06789     9.51  0.0027

 * MPG_sq       0.00039525   0.00009821      0.11558    16.20  0.0001

            * Forced into the model by the INCLUDE= option

                        Statistics for Entry

                              DF = 1,97

                                       Model

    Variable         Tolerance      R-Square    F Value    Pr > F

    Height_FGP        0.001948        0.5041       0.94    0.3356

    FGP_Age           0.006289        0.5072       1.54    0.2169

    Age_sq            0.003409        0.5027       0.65    0.4218

    FGP_sq            0.004777        0.5071       1.52    0.2203

    Height_sq         0.001398        0.4996       0.05    0.8196

 No other variable met the 0.1500 significance level for entry into

                              the model.
f) Since MPG2 and MPG(Age appear to be important, these terms are kept in the model.  Other terms that are possibly important are investigated using backward elimination.
model PPM = MPG Height FGP Age MPG_age MPG_sq Height_FGP FGP_Age Age_sq FGP_sq Height_sq / include=6  details slstay=0.30 selection=backward;
                 Parameter     Standard

   Variable       Estimate        Error   Type II SS  F Value  Pr > F

   Intercept       1.56775      1.85226      0.00502     0.72  0.3994

 * MPG            -0.03923      0.00774      0.18009    25.70  <.0001

 * Height         -0.01088      0.01056      0.00745     1.06  0.3050

 * FGP            -0.02910      0.04095      0.00354     0.51  0.4790

 * Age             0.01889      0.02497      0.00401     0.57  0.4511

 * MPG_age      0.00085507   0.00028590      0.06269     8.95  0.0035

 * MPG_sq       0.00039682   0.00009743      0.11625    16.59  <.0001

   Height_FGP   0.00034385   0.00023040      0.01561     2.23  0.1389

   FGP_Age     -0.00090620   0.00053797      0.01988     2.84  0.0953

            * Forced into the model by the INCLUDE= option

                   Summary of Backward Elimination

        Variable   Number  Partial   Model

   Step Removed    Vars In R-Square R-Square  C(p)   F Value Pr > F

     1  Age_sq        10    0.0006   0.5200  10.1197    0.12 0.7301

     2  FGP_sq         9    0.0006   0.5194   8.2389    0.12 0.7295

     3  Height_sq      8    0.0010   0.5183   6.4414    0.21 0.6507

Notes: 

i) MPG, Height, FGP, Age, MPG2 and MPG(Age will be kept in the model.  

ii) Notice that the MPG(Age interaction would not have been found if Age was not considered after using the regression procedures discussed in Chapter 8 (age had a p-value of 0.0795 in the model including MPG, Height, FGP, and Age). 

iii) There is “some” justification for leaving Height(FGP and FGP(Age in the model since they are marginally significant.  

iv) The SAS output for the model chosen is

 



Dependent Variable: PPM

                         Analysis of Variance

                                 Sum of         Mean

 Source                 DF      Squares       Square  F Value  Pr > F

 Model                   6      0.69740      0.11623    16.29  <.0001

 Error                  98      0.69931      0.00714

 Corrected Total       104      1.39671

         Root MSE              0.08447    R-Square     0.4993

         Dependent Mean        0.42355    Adj R-Sq     0.4687

         Coeff Var            19.94419

                         Parameter Estimates

                      Parameter       Standard

Variable      DF       Estimate          Error    t Value    Pr > |t|

Intercept      1       -0.26542        0.28475      -0.93      0.3536

MPG            1       -0.03940        0.00766      -5.15      <.0001

Height         1        0.00482        0.00119       4.06      0.0001

FGP            1        0.01096        0.00205       5.35      <.0001

Age            1       -0.02277        0.00663      -3.44      0.0009

MPG_age        1     0.00087522     0.00028376       3.08      0.0027

MPG_sq         1     0.00039525     0.00009821       4.02      0.0001

Parameter Estimates

                                          Variance

                    Variable     DF      Inflation

                    Intercept     1              0

                    MPG           1       83.02603

                    Height        1        1.03071

                    FGP           1        1.17875

                    Age           1        7.26690

                    MPG_age       1      100.03134

                    MPG_sq        1       30.75126

v) If Age or MPG were nonsignificant, they still would be left in the model since MPG(Age and MPG2 are significant.

3) Examine diagnostic measures

a) Plot ei vs. each independent variable to make sure the independent variables are correctly specified in the model. 
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Since there appears to be a random scattering of points on each plot, it seems the variables are specified correctly in the model.  

b) Plot the ei vs. 
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 to determine if there is a problem with the constant variance assumption.
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Since the variability of the residuals does not appear to change, there does not seem to be any problems with the constant variance assumption.  

c) Check the (i independence assumption by plotting ei vs. order of observation.  
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Since the residuals do not appear to be correlated with the order they are in the data set, the independence assumption of (i seems to be satisfied.  

d) Check for outliers by:

i) Plot ri vs. 
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 with the correct boundary lines
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There are a few ri values outside of (t(0.975, 98)= (1.98 (n-p=105-7=98).  The observations are shown below. 

           last_       first_                              s_del_

    Obs    Name        Initial    residual    stud_res       res

      1    Abdul-Ra      M.        0.16354     2.00433     2.03626

     37    Green         S.        0.16179     2.11214     2.15086

     47    Jackson       M.       -0.17625    -2.13940    -2.17998

     52    Jordan        M.        0.18666     2.32054     2.37484

     53    Kimble        B.        0.17245     2.14993     2.19123
Since (=0.05 is used, we would expect about 0.05(105=5.25 ri’s to fall outside of (1.98.  Therefore, this is expected.  Using a Bonferroni adjustment, (t(0.99976, 98) = (3.62.  None of the ri values fall outside of this range.  Therefore, there are no outlying Y values detected using studentized residuals.  

ii) Plot ti vs. the observation number with the correct boundary lines

[image: image43.png]Chris Bilder, STAT 4043
PROC REG output

PPM = —02654 —0.0394 MPG +0.0048 Height +0.011 FGP —0.0228Age +0.0008 MPG age +0.0004MPG sq
3

Studertized Resiclal without Currert Obs

10

20

40 50 &0
Observation Nurrber

100

10





The same argument for the studentized residuals can be made about the studentized deleted residuals.  

iii) Plot hii vs. the observation number with the correct boundary lines

[image: image44.png]Chris Bilder, STAT 4043
PROC REG output

PPM = —02654 —00394 MPG +00048 Height + 001 FGP —0.0228Age + 0.0009 MPG_age +0.0004 MPG_sq

025

020 .

015

Leverage

01 . . P

005 . . T .ot

000

Obsenvation Number





The observations which correspond to hii values greater than 2p/n = 0.133 are shown below.  There are a few observations with moderate leverage (hii>0.2), but no observations with very large leverage (hii>0.5).  Observations 7, 14, 21, and 48 may need to be investigated further.  

       last_      first_                                     s_del_

 Obs   Name       Initial      h      residual   stud_res      res

   4   Anderson     K.      0.13512    0.05958    0.75845    0.75679

   7   Bagley       J.      0.22587   -0.08792   -1.18295   -1.18539

  14   Bogues       T.      0.20360   -0.03230   -0.42852   -0.42673

  21   Cheeks       M.      0.23978   -0.13322   -1.80875   -1.83030

  24   Crotty       J.      0.15563   -0.12644   -1.62890   -1.64296

  37   Green        S.      0.17777    0.16179    2.11214    2.15086

  48   Jennings     K.      0.21196    0.05287    0.70509    0.70327

  72   Phills       B.      0.16244    0.10346    1.33827    1.34376

 104   Woods        R.      0.17587   -0.00714   -0.09313   -0.09266

e) Check for influential observations by: 

i) Plot DFFITS vs. the observation number with the correct boundary lines 
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The observations which correspond to |DFFITS|> 
[image: image46.wmf]2p/n

= 0.5164 are below.  This is the criterion to determine significant DFFITS values for a large data set.  The criteria for small to medium data sets is |(DFFITS)i|>1.  I think this data set is “medium” in size.  Thus, there are two observations which are of concern -  #21 and #37.  

                 last_       first_

          Obs    Name        Initial     dffits     residual

            1    Abdul-Ra      M.        0.54590     0.16354

            7    Bagley        J.       -0.64030    -0.08792

           21    Cheeks        M.       -1.02792    -0.13322

           24    Crotty        J.       -0.70535    -0.12644

           37    Green         S.        1.00012     0.16179

           52    Jordan        M.        0.76152     0.18666

           53    Kimble        B.        0.72392     0.17245

           72    Phills        B.        0.59178     0.10346

           73    Pierce        R.        0.57395     0.15520

           99    West          D.       -0.51765    -0.11517

ii) Plot Cook’s Distance vs. the observation number with the correct boundary lines
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There are no Cook’s Distance values that are greater than 0.9128=F(0.5, 7, 98).  
iii)  Examine the DFBETAS

Guideline for determining influential observations:

· |
[image: image48.wmf]k(i)
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|>1 for “small to medium” sized data sets

· |
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 for large data sets

DFBETAS greater than 
[image: image51.wmf]2/n2/105

=

=|0.1952| are shown below.  I think this is a “medium” sized data set.  Using |
[image: image52.wmf]k(i)
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|>1 as a measure of influence, there does not appear to be any influential observations according to this criterion.  

      last_                 DFB_                   DFB_MPG_ DFB_MPG_

  Obs Name      DFB_MPG   Height  DFB_FGP  DFB_Age   age       sq

    1 Abdul-Ra   0.3206  -0.1758  -0.0671   0.2358  -0.3542   0.1114

    4 Anderson   0.1676  -0.0776  -0.0500   0.1596  -0.2195   0.1159

    7 Bagley    -0.1840  -0.2904   0.1601  -0.4064   0.3366  -0.2281

   10 Battle     0.1722  -0.1169  -0.0785   0.3643  -0.2906   0.1575

   14 Bogues    -0.0179   0.2039   0.0360  -0.0255   0.0212  -0.0163

   21 Cheeks    -0.3297   0.1067  -0.5451  -0.7337   0.5436  -0.2720

   24 Crotty     0.3695   0.0609  -0.4344   0.1276  -0.0973  -0.3691

   33 Floyd      0.1545  -0.0360  -0.1364   0.2448  -0.1543  -0.0200

   37 Green     -0.6170   0.3015   0.5866  -0.3566   0.2914   0.4309

   46 Jackson    0.2171   0.1006  -0.1712   0.1264  -0.2124   0.0339

   47 Jackson    0.0947  -0.0379  -0.1278  -0.0544   0.0595  -0.3068

   48 Jennings  -0.0020  -0.1865   0.2653  -0.0110  -0.0086  -0.0092

   52 Jordan    -0.4199   0.3118   0.2125  -0.1578   0.2246   0.3739

   53 Kimble    -0.1835   0.0714   0.0944   0.2049  -0.1875   0.5387

   59 Marciuli  -0.0167   0.1272   0.2422  -0.0423   0.0525  -0.0698

   72 Phills    -0.3642   0.1583   0.2256  -0.1250   0.1036   0.3692

   73 Pierce    -0.2286   0.1029   0.1077  -0.1819   0.3396  -0.1937

   83 Skiles     0.1265   0.1065   0.0016   0.0050  -0.0296  -0.1995

   95 Threatt    0.2989   0.0131  -0.1517   0.1927  -0.2894  -0.0282

   97 Walker    -0.1244   0.0113   0.2132  -0.1987   0.1441  -0.0231

   98 Webb      -0.0378  -0.2902  -0.1157  -0.0230   0.0594  -0.0150

   99 West      -0.0484  -0.1788  -0.2349  -0.1613   0.2191  -0.3185

  105 Young     -0.1038  -0.0122   0.0600  -0.2010   0.1537  -0.0595
The maximum DFBETAS are: 


                The MEANS Procedure

            Variable       Label                   Maximum

            ƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒ

            DFB_MPG        MPG DFBETAS           0.3695432

            DFB_Height     Height DFBETAS        0.3117837

            DFB_FGP        FGP DFBETAS           0.5865553

            DFB_Age        Age DFBETAS           0.3643344

            DFB_MPG_age    MPG_age DFBETAS       0.5436229

            DFB_MPG_sq     MPG_sq DFBETAS        0.5386686

                   ƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒ

f) Check the normality assumption for (i by doing a histogram, box plot, and/or stem-and-leaf plot of the residuals. 

                       The UNIVARIATE Procedure

             Variable:  stud_res  (Studentized Residual)

           Stem Leaf                     #             Boxplot

             22 2                        1                |

             20 015                      3                |

             18 082                      3                |

             16 1                        1                |

             14 71                       2                |

             12 847                      3                |

             10 444446                   6                |

              8 40259                    5                |

              6 6012267                  7             +-----+

              4 4617                     4             |     |

              2 26836                    5             |     |

              0 468891459                9             |  +  |

             -0 944298520                9             *-----*

             -2 87520653                 8             |     |

             -4 822853                   6             |     |

             -6 963966330                9             +-----+

             -8 764083                   6                |

            -10 851873                   6                |

            -12 22                       2                |

            -14 854952                   6                |

            -16 31                       2                |

            -18 1                        1                |

            -20 4                        1                |

                ----+----+----+----+

            Multiply Stem.Leaf by 10**-1
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There does not appear to be strong evidence against the normality assumption.

g) Summary of the diagnostic procedures

i) Almost everything was O.K.

ii) The estimates for the (’s are: 

                         Parameter Estimates

                      Parameter       Standard

 Variable     DF       Estimate          Error    t Value    Pr > |t|

 Intercept     1       -0.26542        0.28475      -0.93      0.3536

 MPG           1       -0.03940        0.00766      -5.15      <.0001

 Height        1        0.00482        0.00119       4.06      0.0001

 FGP           1        0.01096        0.00205       5.35      <.0001

 Age           1       -0.02277        0.00663      -3.44      0.0009

 MPG_age       1     0.00087522     0.00028376       3.08      0.0027

 MPG_sq        1     0.00039525     0.00009821       4.02      0.0001

iii) Observations 7, 14, 21, and 48 possibly have moderate leverage

iv) Observations 21 and 37 DFFITS values are slightly over the borderline.  These are possibly influential observations on 
[image: image54.wmf]i
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Below are the observations: 

               last_      first_

 Obs   order   Name       Initial   Games     PPM      MPG     Height

   7      7    Bagley       J.        10    0.2371    9.7000     210

  14     14    Bogues       T.        82    0.2894   34.5488     160

  21     21    Cheeks       M.        35    0.2471   14.5714     188

  37     37    Green        S.        13    0.7704    6.2308     196

  48     48    Jennings     K.         8    0.5059   17.0000     170

 Obs    FTP    FGP   Age   predicted   residual   stud_res    cookd

   7   83.3   36.0    33    0.32502    -0.08792   -1.18295   0.05833

  14   83.3   45.3    28    0.32170    -0.03230   -0.42852   0.00671

  21   88.9   54.8    37    0.38032    -0.13322   -1.80875   0.14741

  37   75.0   50.9    23    0.60861     0.16179    2.11214   0.13779

  48   77.8   59.5    25    0.45303     0.05287    0.70509   0.01910

                   s_del_

 Obs      h          res       dffits     

   7   0.22587    -1.18539    -0.64030    

  14   0.20360    -0.42673    -0.21576    

  21   0.23978    -1.83030    -1.02792    

  37   0.17777     2.15086     1.00012    

  48   0.21196     0.70327     0.36473    

DFBETAS:

      last_                 DFB_                   DFB_MPG_ DFB_MPG_

  Obs Name      DFB_MPG   Height  DFB_FGP  DFB_Age   age       sq

    7 Bagley    -0.1840  -0.2904   0.1601  -0.4064   0.3366  -0.2281

   14 Bogues    -0.0179   0.2039   0.0360  -0.0255   0.0212  -0.0163

   21 Cheeks    -0.3297   0.1067  -0.5451  -0.7337   0.5436  -0.2720

   37 Green     -0.6170   0.3015   0.5866  -0.3566   0.2914   0.4309

   48 Jennings  -0.0020  -0.1865   0.2653  -0.0110  -0.0086  -0.0092

v) To determine why these players are possibly influential, I decided to examine each player individually.

(1) #7 Bagley – VERY tall for a guard at 6’ 10” (notice that the DFBETA for Height is one of the largest for this player); Only played in 10 games (there are 82 games in a NBA season);

(2) #14 Bogues – VERY short for a guard at 5’ 3”

(3) #21 Cheeks – Old for an NBA player (notice that the DFBETA for age is one of the largest for this player); Only played in 35 games

(4) #37 Green – Only played in 13 games; Scores a lot of PPM (Jordan is the highest at 0.83), but only plays 6.2 minutes per game

(5) #48 Jennings – Only played in 8 games

vi) What happens if we limit the population to NBA guards that appear in at least 41 games (half the season)?  

(1) Of the 105 players in the data set, 16 of them did not play in at least half the games.  

(2) I examined the FGP*Age and FGP*Height interactions again to determine if they were important.  There was not sufficient evidence to include them in the model.

(3) Through using backward elimination with MPG, MPG2, Age, FGP, Height, and MPG*Age and (=0.10, Age and MPG*Age are removed from the model.  

 




 Parameter Estimates

                      Parameter       Standard

Variable      DF       Estimate          Error    t Value    Pr > |t|

Intercept      1       -0.68657        0.25799      -2.66      0.0093

MPG            1       -0.01009        0.00675      -1.50      0.1386

Height         1        0.00426        0.00125       3.42      0.0010

FGP            1        0.00720        0.00281       2.56      0.0122

MPG_sq         1     0.00030799     0.00012912       2.39      0.0193

(4) The possibly “large” diagnostic values are:    

Observations that have possible outlying Y observations

       last_     first_                              s_del_

    Obs     Name      Initial    residual    stud_res       res

     19    Chapman      R.        0.17100     2.19166     2.24366

     41    Jackson      M.       -0.16051    -2.08312    -2.12633

     45    Jordan       M.        0.23550     3.13790     3.31980

     61    Pierce       R.        0.17834     2.28340     2.34367

              Observations that have a large h_ii values                                 

        last_    first_                                      s_del_

  Obs    Name    Initial      h       residual   stud_res      res

   13   Bogues     T.      0.24373   -0.051502   -0.74640   -0.74442

   30   George     T.      0.20301   -0.039350   -0.55553   -0.55323

Observations that have a large DFFITS values

                  last_     first_

           Obs     Name     Initial     dffits    residual

            45    Jordan      M.       1.13867     0.23550

DFBETAS

Intercept       MPG    Height       FGP    MPG_sq

13  Bogues       -0.3677   -0.0402    0.4014    0.0292    0.0256

45  Jordan       -0.4491   -0.7073    0.4732    0.4347    0.7800
Again, we have some “borderline” values.  

(5) Suppose a regression model is fit without Michael Jordan: 

Parameter Estimates

                      Parameter       Standard

 Variable     DF       Estimate          Error    t Value    Pr > |t|

 Intercept     1       -0.57706        0.24608      -2.35      0.0214

 MPG           1       -0.00558        0.00652      -0.86      0.3948

 Height        1        0.00371        0.00119       3.12      0.0025

 FGP           1        0.00605        0.00268       2.26      0.0266

 MPG_sq        1     0.00021280     0.00012537       1.70      0.0934

Notice that MPG2 is not as significant as before.  In addition, examine the DFBETA for Jordan and MPG2.  

vii) Suppose a regression model is fit without Bogues:

Parameter Estimates

                      Parameter       Standard

 Variable     DF       Estimate          Error    t Value    Pr > |t|

 Intercept     1       -0.59145        0.28852      -2.05      0.0435

 MPG           1       -0.00982        0.00678      -1.45      0.1511

 Height        1        0.00376        0.00142       2.65      0.0096

 FGP           1        0.00712        0.00282       2.52      0.0135

 MPG_sq        1     0.00030468     0.00012954       2.35      0.0210

Notice that Height is still significant.  

viii) If both Jordan and Bogues are removed: 

Parameter Estimates

                      Parameter       Standard

 Variable     DF       Estimate          Error    t Value    Pr > |t|

 Intercept     1       -0.46108        0.27490      -1.68      0.0973

 MPG           1       -0.00519        0.00654      -0.79      0.4297

 Height        1        0.00310        0.00135       2.29      0.0247

 FGP           1        0.00593        0.00268       2.21      0.0298

 MPG_sq        1     0.00020750     0.00012557       1.65      0.1023

The only observation of concern is #34 George.  He has a hii a little larger than 0.2.  Note that George played in only 49 games with MPG=7.75.  

h) It is hard to justify removing Bogues and Jordan, and some of the “large” diagnostic values are just above the borderline for the corresponding diagnostic.  Therefore, I am going to leave them in the data set.  

4) Choose a model to continue examining.

a) Model #1: All 105 observations are used to fit the model.  The parameter estimates are: 

    




Parameter Estimates

                      Parameter       Standard

 Variable     DF       Estimate          Error    t Value    Pr > |t|

 Intercept     1       -0.26542        0.28475      -0.93      0.3536

 MPG           1       -0.03940        0.00766      -5.15      <.0001

 Height        1        0.00482        0.00119       4.06      0.0001

 FGP           1        0.01096        0.00205       5.35      <.0001

 Age           1       -0.02277        0.00663      -3.44      0.0009

 MPG_age       1     0.00087522     0.00028376       3.08      0.0027

 MPG_sq        1     0.00039525     0.00009821       4.02      0.0001

b) Model #2: The population of NBA guards is limited to guards that play in at least 41 games.  The parameter estimates are:

 




 Parameter Estimates

                      Parameter       Standard

Variable      DF       Estimate          Error    t Value    Pr > |t|

Intercept      1       -0.68657        0.25799      -2.66      0.0093

MPG            1       -0.01009        0.00675      -1.50      0.1386

Height         1        0.00426        0.00125       3.42      0.0010

FGP            1        0.00720        0.00281       2.56      0.0122

MPG_sq         1     0.00030799     0.00012912       2.39      0.0193

c) There is justification to use either model.  Again, the “large” diagnostic values are just above the borderline for the corresponding diagnostic.  I decided to choose model #1 for this reason, and because I really prefer not to limit my population of inference.  I did try a model using games as an independent variable (for the full data set).  The corresponding p-value is 0.11.  

5) VIFs

Parameter Estimates

                                          Variance

                    Variable     DF      Inflation

                    Intercept     1              0

                    MPG           1       83.02603

                    Height        1        1.03071

                    FGP           1        1.17875

                    Age           1        7.26690

                    MPG_age       1      100.03134

                    MPG_sq        1       30.75126

The large VIFs should be expected for MPG, Age, MPG(Age, and MPG2 (see Chapter 7).  If interpreting the individual effects of the variables is important, then these independent variables should be transformed. 
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