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Multiple linear regression

Population regression model:     
Y = 0 + 1x1 + 2x2 +  + pxp + 

 is a random variable that has a normal probability distribution mean 0 and variance 
E(Y) = 0 + 1x1 + 2x2 +  + pxp
Estimated (sample) regression model:


Standard interpretation: 

For every one unit increase in xr, the estimated value of Y increases by , holding the other explanatory variables in the model constant
Diagrams of models with two explanatory variables:



[bookmark: _MON_1848389072]Population regression model: 

[bookmark: _MON_1848388856]Sample regression model:



Example: Two explanatory variables (TwoExplanatoryVariables.R) 

A simple data set is simulated to illustrate multiple linear regression so that plotting is easy. If there is time, we will examine how to simulate the data later in the course. 

> set1 <- data.frame(x1, x2, y)
> set1
    x1  x2    y
1  2.2 3.1 6.90
2  3.8 2.4 7.75
3  2.6 3.5 6.14
4  1.7 2.9 2.83
5  2.8 3.0 5.61
6  3.4 3.4 8.23
7  2.3 2.7 4.68
8  3.0 3.2 8.02
9  1.7 3.6 6.63
10 3.0 2.6 5.83

Estimate model:

> mod.fit <- lm(formula = y ~ x1 + x2, data = set1)
> summary(mod.fit)

Call:
lm(formula = y ~ x1 + x2, data = set1)

Residuals:
     Min       1Q   Median       3Q      Max 
-1.14789 -0.75506 -0.09902  0.64995  1.42586 

Coefficients:
            Estimate Std. Error t value Pr(>|t|)   
(Intercept)  -6.2779     3.5791  -1.754  0.12287   
x1            2.0612     0.5313   3.880  0.00605 **
x2            2.3282     0.9216   2.526  0.03945 * 
---
Signif. codes:  0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Residual standard error: 1.024 on 7 degrees of freedom
Multiple R-squared:  0.7019,    Adjusted R-squared:  0.6167 
F-statistic:  8.24 on 2 and 7 DF,  p-value: 0.01447

Estimated regression model:


 = -6.28 + 2.06x1 + 2.33x2

Standard interpretation: 
· For every one-unit increase in x1, the estimated value of Y increases by 2.06, holding x2 constant. 
· For every one-unit increase in x2, the estimated value of Y increases by 2.33, holding x1 constant. 

Plots: 
> # Scatter plot
> plot3d(x = x1, y = x2, z = y, xlab = expression(x[1]), ylab = expression(x[2]), zlab = "y", col = "red", size = 16, zlim = c(0, max(y)))
> grid3d(side = c("x", "y", "z"), col = "lightgray")
[image: ]
> methods(generic.function = "plot3d") # Notice plot3d.lm()
 [1] plot3d.ashape3d*      plot3d.default*       plot3d.deldir*        plot3d.formula*       plot3d.function*      plot3d.lm*            plot3d.mesh3d*        plot3d.rglbackground* plot3d.rglbboxdeco*   plot3d.rglobject*     plot3d.rglscene*      plot3d.rglsubscene*   plot3d.rglWebGL*      plot3d.tri*           plot3d.triSht*       
see '?methods' for accessing help and source code

> plot3d(x = mod.fit, xlab = expression(x[1]), ylab = expression(x[2]), zlab = "y", col = "red", plane.col = "blue", size = 16, zlim = c(0, max(y)))

> grid3d(side = c("x", "y", "z"), col = "lightgray")
[image: ]
This plot is best viewed in R so that you can rotate it! Does the plane go through the middle of the points?




What are the equations used to find , , and ? 
This is where matrix algebra is very useful!
Regression model and matrix algebra 
Suppose we will have a sample of size n and p explanatory variables. 

Response variable: Y1, Y2, …, Yn 
Explanatory variable #1: x11, x12, …, x1n 
Explanatory variable #2: x21, x22, …, x2n 

Explanatory variable #p: xp1, xp2, …, xpn 

We can put all of this into matrices!



 and 

The leading column of 1’s will be explained shortly. 

We will need p + 1 regression parameters that can be put into a vector: 




And, we will have n different random error terms that can be put into a vector:




The multiple linear regression model is

Y = X + 

Multiplying out the X helps one see that 






Notice the role of the leading column of 1’s! 

Using expected values, we obtain 

E(Y) = X

The least squares estimate of the regression parameter vector  is




Why? Let’s first examine what parts of these equations represent when there is only one explanatory variable. 


 


  




Then






The (1,2) element is 


 

as given previously. The (1,1) element is
 






One can show that  for two or more explanatory variables. 

Example: Two explanatory variables (TwoExplanatoryVariables.R) 

> X <- as.matrix(data.frame(Ones = 1, set1[,1:2]))
> Y <- as.matrix(set1[,3])
> beta.hat <- solve(t(X)%*%X)%*%t(X)%*%Y
beta.hat
          [,1]
Ones -6.277854
x1    2.061224
x2    2.328161


Estimates of Y




H is the hat matrix! Where does this name come from?


Example: Two explanatory variables (TwoExplanatoryVariables.R) 

> # Hat matrix
> H <- X%*%solve(t(X)%*%X)%*%t(X)
> H[1:2,1:2] # Part of H
           [,1]       [,2]
[1,]  0.1482225 -0.0096337
[2,] -0.0096337  0.5371969

> H%*%Y
          [,1]
 [1,] 5.474139
 [2,] 7.142384
 [3,] 7.229893
 [4,] 3.977895
 [5,] 6.478057
 [6,] 8.646056
 [7,] 4.748997
 [8,] 7.355934
 [9,] 5.607607
[10,] 5.959037

> predict(object = mod.fit, newdata = set1) # R finds the x1 and x2 in set1 and ignores y
       1        2        3        4        5        6 
5.474139 7.142384 7.229893 3.977895 6.478057 8.646056 
       7        8        9       10 
4.748997 7.355934 5.607607 5.959037

> # predict(object = mod.fit) # This works too, R defaults to data frame used in lm()
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