

9

Matrix algebra

This is a brief introduction to matrix algebra so that we can use it to understand multiple linear regression.

What is a matrix? 

A rectangular arrangement of numbers arranged into r rows and c columns. It has a dimension (size) of rc (said as “r by c”).

Example: 




Dimension: 23 

We can use symbols in place of numbers in a matrix. 

Example: 


 

where aij is the row i and column j element of A

a11 = 1 from the above example

Notice that the matrix A is in bold. When bolding is not possible (writing on a piece of paper or dry erase board), the letter is underlined - A 

a11 is often referred to as the “(1,1) element” of A, a12 is called the “(1,2) element” of A,…

Example: rc matrix





A few definitions…
· Square matrix: Number of rows equals number of columns (r = c)
· Diagonal matrix: A square matrix with “off-diagonal” elements that are 0. For example, 



· Identity matrix: A diagonal matrix with 1’s on the diagonal. For example, 


 

Note that “I” (the letter I, not the number one) usually denotes the identity matrix. 
· Transpose: Interchange rows and columns of a matrix; this is symbolically denoted with a “prime” symbol, like A
· Vector: An r1 (column vector) or 1c (row vector) matrix 

Example: 







A has a dimension of 23. A has a dimension of 32.  

Potential vectors related to this matrix include:




and




I simply chose these vectors because it shows how a matrix can be thought of as a combination of vectors.  


Math with matrices!

Addition and subtraction: Add or subtract the corresponding elements of matrices with the same dimension. 

Example:

Suppose 


.  

Then 


.


Example: Using R (BasicMatrixAlgebra.R)

> A <- matrix(data = c(1, 2, 3,
                       4, 5, 6), nrow = 2, ncol = 3, byrow 
                       = TRUE)
> class(A)
[1] "matrix"

> B <- matrix(data = c(-1, 10, -1, 
                        5,  5,  8), nrow = 2, ncol = 3, 
                        byrow = TRUE)
> A + B
     [,1] [,2] [,3]
[1,]    0   12    2
[2,]    9   10   14

> A - B
     [,1] [,2] [,3]
[1,]    2   -8    4
[2,]   -1    0   -2

Notes: 
1. Be careful with the byrow argument. By default, this is set to FALSE.  Thus, the numbers would be entered into the matrix by columns. For example,

> matrix(data = c(1, 2, 3, 4, 5, 6), nrow = 2, ncol = 3)
     [,1] [,2] [,3]
[1,]    1    3    5
[2,]    2    4    6

2. The class of these objects is matrix.  
3. A transpose of a matrix can be done using the t() function. For example, 

> t(A)
     [,1] [,2]
[1,]    1    4
[2,]    2    5
[3,]    3    6 


[bookmark: section5_3]Matrix multiplication: There are two types.

1) Multiply a matrix by a scalar (11 matrix)
2) Multiply two conforming matrices

Example: Matrix multiplied by a scalar


 where c is a scalar



Let  and c = 2. Then .


Multiplying two conforming matrices is much more involved! 

Suppose you want to multiply the matrices A and B. This is denoted by 

AB

These matrices need to conform relative to their dimension: 

The number of columns of A needs to be the same as the number of rows as B.  

For example, suppose A is 23 and B is 310.  You can multiply these matrices. However, if B is 410 instead, these matrices could NOT be multiplied. The reason will be given shortly using an example.   

The resulting dimension of C = AB: 
1. The number of rows of A is the number of rows of C.
2. The number of columns of B is the number of rows of C.

In other words,  where the dimension of the matrices are shown below them.  

How to multiply two matrices – an example


Suppose .  Notice that A is 23 and B is 32 so C = AB can be done.  




where “*” means multiplication of the corresponding numbers. 

The “cross product” of the rows of A and the columns of B are taken to form C.

For the above example, D = BA  AB where BA is




In general for a 23 matrix times a 32 matrix: 





Example: Using R (BasicMatrixAlgebra.R)

> A <- matrix(data = c(1, 2, 3, 4, 5, 6), nrow = 2, ncol = 3, byrow = TRUE)
> B <- matrix(data = c(3, 0, 1, 2, 0, 1), nrow = 3, ncol = 2, byrow = TRUE)
> C <- A%*%B
> D <- B%*%A
 
> C
     [,1] [,2]
[1,]    5    7
[2,]   17   16

> D
     [,1] [,2] [,3]
[1,]    3    6    9
[2,]    9   12   15
[3,]    4    5    6
 
> # What is A*B?
> A*B
Error in A * B : non-conformable arrays

Notes:
1. %*% is used for multiplying matrices and/or vectors
2. * means to perform elementwise multiplications. Below is an example where this can be done:

> E <- A
> A*E
     [,1] [,2] [,3]
[1,]    1    4    9
[2,]   16   25   36

The (i,i) elements of each matrix are multiplied together.


Inverse of a matrix

Tthe inverse of a scalar, say b, is b-1.  For example, the inverse of b = 3 is 3-1 = 1/3.  Also, bb-1 = 1. In matrix algebra, the inverse of a matrix is another matrix. For example, the inverse of A is A-1, and AA-1 = A-1A = I.  Note that A must be a square matrix.  

Example: Simple inverse




Check: 





There is a simple equation for calculating the inverse of a 22 matrix:  


Let . Then 


.

Verify AA-1 = I on your own.  


For larger matrices, there are algorithmic ways to perform the calculation. We will instead rely on R to perform the calculation for us.  

Example: Using R (BasicMatrixAlgebra.R)

> A <- matrix(data = c(1, 2, 3, 4), nrow = 2, ncol = 2, byrow = TRUE)
> solve(A)
     [,1] [,2]
[1,] -2.0  1.0
[2,]  1.5 -0.5

> A%*%solve(A)
     [,1]         [,2]
[1,]    1 1.110223e-16
[2,]    0 1.000000e+00

> solve(A)%*%A
             [,1] [,2]
[1,] 1.000000e+00    0
[2,] 1.110223e-16    1

> round(solve(A)%*%A, 2)
     [,1] [,2]
[1,]    1    0
[2,]    0    1

The solve() function inverts a matrix in R. 

Where does this name come from? Suppose you have a system of equations:
2x1 + 4x2 = 0
4x1 + 10x2 = 2

We can arrange this in matrices of the form Ax = b: 




This leads to 




The solve(A,b) function can also be used to “solve” for x in Ax = b because A-1Ax = A-1b  Ix = A-1b  x = A-1b. These calculations are demonstrated in the program. 


Final comments:
1) An inverse for a square matrix may not exist! This occurs when a column of a matrix is linearly dependent on other columns in a matrix. In other words, the numerical values in one column are a linear combination of other columns. We will see a regression example later. 
2) R has an object type known as a vector. This is very similar to a mathematical vector but not exactly. Simply, R’s vector only has one dimension! Below are examples in the previous program:

> y <- matrix(data = c(1,2,3), nrow = 3, ncol = 1, byrow = TRUE)
> y
     [,1]
[1,]    1
[2,]    2
[3,]    3
> class(y)
[1] "matrix" "array" 

> x <- c(1,2,3)
> x
[1] 1 2 3
> class(x)
[1] "numeric"
> is.vector(x)
[1] TRUE

> A <- matrix(data = c(1, 2, 3, 4, 5, 6), nrow = 2, ncol = 3, byrow = TRUE) 

> # Multiplication with y
> y%*%y # Does not work
Error in y %*% y : non-conformable arguments

> t(y)
     [,1] [,2] [,3]
[1,]    1    2    3

> t(y)%*%y  # y’y
     [,1]
[1,]   14

> y%*%t(y)  # yy’
     [,1] [,2] [,3]
[1,]    1    2    3
[2,]    2    4    6
[3,]    3    6    9

> A%*%y
     [,1]
[1,]   14
[2,]   32

> y%*%A # Does not work
Error in y %*% A : non-conformable arguments

> # Multiplication with x 
> x%*%x # x’x, inner product
     [,1]
[1,]   14

> t(x)
     [,1] [,2] [,3]
[1,]    1    2    3

> A%*%x
     [,1]
[1,]   14
[2,]   32

How did R know that we want xx (11) instead of xx (33) when we have not told R that x is 31? Similarly, how does R know that Ax is 21?  From the R help for %*% in the Base package: 

Multiplies two matrices, if they are conformable. If one argument is a vector, it will be promoted to either a row or column matrix to make the two arguments conformable.  If both are vectors it will return the inner product.

An inner product produces a scalar value. If you wanted xx (33), one can use the outer product %o%:

> x%o%x  # xx’, outer product 
     [,1] [,2] [,3]
[1,]    1    2    3
[2,]    2    4    6
[3,]    3    6    9

We will only need to use %*% in this class.  
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