2

Variability

Variance of the error term


What does  measure relative to the population plot below? 

Population:

[image: ]


How could we use a similar measure with the sample values to estimate it?



Population and sample:

[image: ]


Review from a previous STAT class:

Suppose there is one population and you are interested in estimating the variability for a random variable W. This can be done by calculating the sample variance, 


.


The s2 measures the variability of the wi around the sample mean .  



A similar measure to s2 is used in regression to measure the variability of the yi around . This measure is known as the mean square error (MSE) and denoted by : 




The numerator is often referred to as the sum of squares error (SSE). The SSE has n – 2 degrees of freedom associated with it. Two degrees of freedom are lost due to the estimation of 0 and 1.

Example: Larger or smaller MSE? (MSE.R)      




The plots below show 100 simulated observations where  = 1 for one of them and  = 2 for the other. Which plot has a smaller ? 


Which would be preferable for regression analysis:  being higher or lower? Why? 

[image: ]

Practical interpretation of MSE 

Rule of thumb: Most data lies within 2 to 3 standard deviations from the mean (see the empirical rule, assuming a mound shape distribution).





For regression,  plays the role of the mean and  plays the role of the standard deviation. Therefore, most values of y should lie between   2 for a particular x.

Example: HS and College GPA (gpa.R, gpa.csv)

Output from earlier:

> summary(object = mod.fit)

Call:
lm(formula = College.GPA ~ HS.GPA, data = gpa)

Residuals:
     Min       1Q   Median       3Q      Max 
-0.55074 -0.25086  0.01633  0.24242  0.77976 

Coefficients:
            Estimate Std. Error t value Pr(>|t|)    
(Intercept)   1.0869     0.3666   2.965 0.008299 ** 
HS.GPA        0.6125     0.1237   4.953 0.000103 ***
---
Signif. codes:  
0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Residual standard error: 0.3437 on 18 degrees of freedom
Multiple R-squared:  0.5768,    Adjusted R-squared:  0.5533 
F-statistic: 24.54 on 1 and 18 DF,  p-value: 0.0001027


From the above output,  = 0.3437.  And, 

> 0.3437^2
[1] 0.1181297


is . 


Let’s extract  from the returned object and perform calculations with it for one observed value of x. 

> sum.fit <- summary(mod.fit)
> names(sum.fit)
 [1] "call"          "terms"         "residuals"    
 [4] "coefficients"  "aliased"       "sigma"        
 [7] "df"            "r.squared"     "adj.r.squared"
[10] "fstatistic"    "cov.unscaled" 
> sum.fit$sigma^2  # sigma^2_epsilon
[1] 0.1181225

> # Examine first observation
> low <- mod.fit$fitted.values[1] - 2*sum.fit$sigma
> up <- mod.fit$fitted.values[1] + 2*sum.fit$sigma
> data.frame(low,up)
       low       up
1 2.261482 3.636241
> gpa[1,]
  HS.GPA College.GPA
1   3.04         3.1

The observed value of y is within the range! 

Examine the same calculations for all observations: 

> plot(x = gpa$HS.GPA, y = gpa$College.GPA, xlab = "HS GPA", ylab = "College GPA", main = "College GPA vs. HS GPA", xlim = c(0,4.5), ylim = c(0,4.5), col = "red", pch = 1, cex = 1.0, panel.first = grid(col = "gray", lty = "dotted"))
> curve(expr = mod.fit$coefficients[1] + mod.fit$coefficients[2]*x, from = min(gpa$HS.GPA), to = max(gpa$HS.GPA), col = "blue", add = TRUE, n = 1000, lwd = 2)
> low <- mod.fit$fitted.values - 2*sum.fit$sigma
> up <- mod.fit$fitted.values + 2*sum.fit$sigma
> segments(x0 = gpa$HS.GPA, y0 = low, x1 = gpa$HS.GPA, y1 = up, col = "darkgreen")

[image: ]

All but one observation is within its range! 




Understanding the model


At each possible x value, Y has a normal probability distribution with E(Y) = 0 + 1x and Var(Y) = . Why?


 is a normal random variable with E() = 0 and Var() = . Thus, 

Var(Y) 	= Var(0 + 1x + ) 
= Var() because 0 + 1x is a constant

= 

E(Y) 	= E(0 + 1x + ) 
= E(0) + E(1x) + E()
= 0 + 1X + 0
= 0 + 1X  

For each x, we can then use the normal distribution to understand what range we would expect the observations for Y to fall within.  For example, 

P[E(Y) - 2 < Y < E(Y) + 2] = 0.954 

 P[0 + 1x - 2 < Y < 0 + 1x + 2] = 0.954 

Please remember that Y is dependent on the particular value of x here. 

Below is an illustration of how Y has a normal distribution at each x.







Remember that  controls the spread of the normal distributions above. Compare the spread illustrated here to the plot with   2 on it.  





Variance of the regression estimators

From your first statistics course:


Suppose X1, …, Xn represent the random variables for a random sample where each variable has a mean of  and variance of 2/n. The variance of the sample mean is . 

What does this represent? 

All statistics have a variance! What is the variance of the estimated regression parameters?


  

The result is a matrix. Its structure has the following form:




What do the Cov() parts represent?

This is a “covariance” which measures the relationship between two random variables in a very similar manner as a correlation. Suppose W1, …, Wn are random variables with E(Wi) = i and Var(Wi) = i. Then 

Cov(Wi, Wj) = E[(Wi – i)(Wj – j)] 

Intuitive explanation of covariance: What happens to 

(Wi – i)(Wj – j) 

in the following situations?  
· When Wi – i > 0, we tend to have Wj – j > 0. 
· When Wi – i < 0, we tend to have Wj – j < 0.
· When Wi – i > 0, we tend to have Wj – j < 0.
· When Wi – i < 0, we tend to have Wj – j > 0.

Relate the above to an expected value: Is Cov(Wi, Wj) > 0 or < 0?

How is this similar to a correlation? 

Comments:
· Note that 




where Corr(Wi, Wj) denotes the correlation between Wi and Wj. 
· Examine how similar this expression is to the variance of Wi:

Var(Wi) = E[(Wi – i)2] = E[(Wi – i)(Wi – i)]

· 

 is what is known as a “variance-covariance matrix” or a “covariance matrix”. Sometimes you will see this denoted as  instead (including in my “Analysis of Categorical Data with R” book!). 
· Variance-covariance matrices are symmetric! 
· There are other variance-covariance matrices as well whenever you have a set of random variables (remember that statistics are random variables!). In a first statistics course, one will often see the scenario of a random sample of W1, …, Wn, where each variable has a mean of  and variance 2. The variance-covariance matrix for W = (W1, …, Wn) is








where Diag() means an diagonal matrix and I is the identity matrix. 

Why are the covariance values all 0? The “random sample” part means each random variable is independent of the others. 

· 
Why is ? 

This again relies on the use of mathematical statistics: 




I used the following in the above derivation:
1. 

 from earlier in the notes (we showed that Var(Y) =  and discussed that each random error is independent). 
2. If A is a matrix of constants and W is a vector of random variables, then Var(AW) = AVar(W)A. This is the matrix analogous version of Var(aW) = a2Var(W) when a is constant and W is a random variable. 
3. 
 is symmetric! 

· 

The value of  is unknown so  can not be calculated. What is its estimate? 




Notice that “hat” on “Var”

· 
What is  for a regression model with just one explanatory variable? 




One could show this result through the matrix calculations or approach it without matrices: 













Note that  because

 

Example: HS and College GPA (gpa.R, gpa.csv)

Output from earlier:

> summary(object = mod.fit)

Call:
lm(formula = College.GPA ~ HS.GPA, data = gpa)

Residuals:
     Min       1Q   Median       3Q      Max 
-0.55074 -0.25086  0.01633  0.24242  0.77976 

Coefficients:
            Estimate Std. Error t value Pr(>|t|)    
(Intercept)   1.0869     0.3666   2.965 0.008299 ** 
HS.GPA        0.6125     0.1237   4.953 0.000103 ***
---
Signif. codes:  
0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Residual standard error: 0.3437 on 18 degrees of freedom
Multiple R-squared:  0.5768,    Adjusted R-squared:  0.5533 
F-statistic: 24.54 on 1 and 18 DF,  p-value: 0.0001027

The “Std. Error” column provides the square roots of the variances of interest:

· 
 = 0.3666
· 
 = 0.1237

To extract these values into an object, we can use the following process:

> names(sum.fit)
 [1] "call"          "terms"         "residuals"    
 [4] "coefficients"  "aliased"       "sigma"        
 [7] "df"            "r.squared"     "adj.r.squared"
[10] "fstatistic"    "cov.unscaled" 

> sum.fit$coefficients
             Estimate Std. Error  t value     Pr(>|t|)
(Intercept) 1.0868795  0.3666169 2.964619 0.0082993364
HS.GPA      0.6124941  0.1236535 4.953309 0.0001027243

> class(sum.fit$coefficients)
[1] "matrix" "array" 
> sum.fit$coefficients[,2]  # Standard deviation
(Intercept)      HS.GPA 
  0.3666169   0.1236535 
> sum.fit$coefficients[,2]^2  # Variance
(Intercept)      HS.GPA 
 0.13440798  0.01529019

The entire variance-covariance matrix is available by using the generic vcov() function. 

> methods(generic.function = "vcov")
[1] vcov.aov*         vcov.Arima*       vcov.glm*        
[4] vcov.lm*          vcov.mlm*         vcov.nls*        
[7] vcov.summary.glm* vcov.summary.lm* 
see '?methods' for accessing help and source code

> vcov(mod.fit)
            (Intercept)      HS.GPA
(Intercept)  0.13440798 -0.04432627
HS.GPA      -0.04432627  0.01529019



Why is knowing  important? 

Inference procedures: CIs and hypothesis tests!
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